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A DERIVATION OF THE LORENTZ FORMULAE 
By G. J. WHITROW (Ozford) 
[Received 19 March 1933] 
Introduction 

1. IN a recent paper Narliker has given a new derivation of the 
Lorentz formulae of special relativity.* It may therefore not be 
inopportune to communicate the present note which gives a deriva- 
tion of the Lorentz formulae from a different starting-point. The 
considerations underlying the derivation are of a more physical 
character. 

2. In his famous paper ‘On the electrodynamics of moving bodies’ 
(1905) Einstein deduced the Lorentz formulae by means of an appeal 
to the homogeneity of space and time, which amounted to assuming 
that the transformations in question were linear.t+ In his idealized 
experiments he used light signals, clocks, and measuring rods. The 
idea of a measuring rod involves that of a rigid body, and it was in 
connexion with such ideas that the actual appeal to homogeneity 
was made. Minkowski, however, in his equally famous address on 
‘Space and Time’ (1908) drew attention to the fact that while the 
differential equation for the propagation of light in empty space 
possesses the group G,, the concept of rigid bodies has a meaning only 
for the group G,,.t Consequently proofs of the Lorentz formulae 
not involving the use of measuring rods or the assumption of linearity 
have since been sought. 

In a highly abstract paper published in 1924 Carathéodory pointed 
out that the whole investigation can be based on time observations 
alone provided we use the wave theory of light.§ In his recent paper 
Narliker considered the transformations for which the wave equation 
is invariant and discovered that these are all linear. 

3. An entirely different line of attack was adopted by Frank and 
Rothe in 1911.|| They considered the abstract problem of two 

Narliker, Proc. Camb. Phil. Soc. 28 (1932), 460-2. 

Einstein, Ann. der Phys. 17 (1905), 891-921. 

Sommerfeld gives full references to the investigations of Born, Planck, 
Ehrenfest, and others on this subject in The Principle of Relativity, 92, note 1, 
(Methuen, 1923). 

§ Carathéodory, Sitz. Preuss. Akad. (1924), 12 

Frank und Rothe, Ann. der Phys. 34 (1911), 
3695.4 M 


€ 


P7. 
825-55. 














162 G. J. WHITROW 
systems in uniform relative motion determined by the following 
postulates: 

(i) the equations of transformation from one system to another 
form a linear, homogeneous group, and 

(ii) space and time are isotropic in so far as only the magnitude 
and not the direction of the relative velocity appears in the trans- 
formation equations. 
As Freundlich has remarked, ‘An essential feature is that the con- 
stancy of the velocity of light is not demanded in either of the 
postulates (i) or (ii). Rather, the distinguishing property of a definite 
velocity which preserves its value in all systems that emerge out of 


one another through such transformations is a direct corollary to - 


these two general postulates and the result of the Michelson-Morley 
experiment merely determines the value of this special velocity which 
could, of course, be found only from observation.’* In 1921, Pars, 
quite independently, also discovered that the existence of an in- 
variant velocity is a direct consequence of equivalent assumptions.f 

In both of these papers the existence of an invariant velocity was 
deduced from the assumption that the transformations were linear. 
Strictly speaking, Frank and Rothe began by considering bilinear 
transformations, which were easily reduced to the more restricted 
form. The postulate of bilinearity was based on a theorem of Lie’s 
that all transformations which convert points and straight lines in 
one plane into points and straight lines in another are necessarily 
homographic. If we consider the transformations which give one-one 
correspondence between two sets of points on the same line, we see 
that in this restricted case the theorem is only true when the variables 
are permitted to assume complex values. In the following treatment 
of the one-dimensional case this assumption is unnecessary. 


The Lorentz formulae for a one-dimensional world 
4. Postulates assumed. Consider a sub-world of only one degree 
of spatial freedom.t Let it be characterized by the two following 
postulates: 


* Freundlich, Foundations of Einstein’s Theory of Gravitation 79, (Methuen, 
1924). 

+ Pars, Phil. Mag. 42 (1921), 249-58. 

+ No use is made of the notion of ‘straightness’. The sub-world considered 
could be regarded as a twisted curve in the ordinary world, provided certain 


obvious conventions and modifications were made. 
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(i) Einstein’s postulate: That for all sources and observers in uni- 
form relative motion the velocity of ‘light’ is invariant. 

(ii) Galileo-Newton’s postulate: That a family of observers in uni- 

form relative motion possesses no ‘privileged’ members.* 
The first of these postulates will be treated purely as a means of 
calculating distances. The velocity of ‘light’ will be denoted by an 
arbitrary constant c and measurements will be calculated on the con- 
vention that the distance travelled by a signal is the product of the 
velocity c and the time of transit. 

Let A and B be any two observers moving in this one-dimensional 
world. Each has a clock which records zero time at the instant when 
they are together. A dispatches a blue signal at time ft, by his clock. 
On arrival at B it is instantaneously reflected by a mirror attached 
to B and returns to A at time 7, by A’s clock. A dispatches a red 
signal at time f,+6 and this returns to him at time 7,+e. If the 
interval of time which elapses between the arrival at B of the two 
signals is so short that during it the velocity of B with respect to 
A may be taken as some constant V, A may deduce the relation, 

c(e—8) = V(e+8), 
by using postulate (i). By definition, if B is in uniform motion with 
respect to A, this equation must give the same value to V/c for all 
5,¢«. In this manner A can discover if B is in uniform relative motion 
and can calculate the relative velocity as a fraction of c. 

At the instant when A and B are together they agree on the 
assignation of positive and negative spatial sense, and after they 
part company B appears to A to be moving positively and, conversely, 
A appears to B to be moving negatively. Postulate (ii) implies that 
if the velocity of B according to A is V, then the velocity of A with 
respect to B is —V.t Moreover, this postulate implies that the 

* This means that the transformations in question form a group. For the 
precise mathematical significance of this postulate see § 9, especially equations 
(27) and (28). It is this postulate which contains the essence of the principle 
of relativity. 

+ More generally, of course, if the velocity of a body or particle is a constant 
lV’, the distance travelled is the product of V and the time of transit. The 
peculiar significance of c is that it is an invariant velocity characterizing the 
particular world considered ; it is not necessarily the velocity of natural light, 
but it is assumed that signals of some kind may be transmitted with this 
velocity. y 

t Theoretically this could be used as a method of defining the use by A and 
B of similar clocks. 

















164 G. J. WHITROW 
transformation-equations connecting the space and time of one sys- 
tem with those of the other are reciprocal, provided the sign of the 
relative velocity is reversed. 

5. The first experiment. At an arbitrarily chosen instant ¢, by his 
clock, A dispatches a signal which passes B at 7; by B’s clock and 
is ultimately reflected instantaneously by an arbitrary mirror M on 
the far side of B. (M may be moving in any manner.) On its return 
journey the signal passes B again at 7; according to B and arrives 
back at A at ¢,, by A’s clock. If, according to A’s calculations, 7, is 
the instant when the outward signal passes B, the following equation 
(for the distance AB at that instant) is satisfied: 

c(7,—t,) = Vry. (1) 
Similarly, if 7, is the instant, calculated by A, when the return signal 
passes B, the equation 


c(t. 


> 


—T?) Vro (2) 


is true. With this information the following time-table can be con- 


structed. 


EVENT B, M B, 
ct ct, 
{ A(ty+t 
ti J da ) ti | 
B r Mrg+-74) 7 
TABLE | 


B, denotes the first arrival of the signal at B, 
M denotes the reflection of the signal at the mirror M, 
B, denotes the second arrival of the signal at B. 
6. If, for any definite event, there were a functional relation 
between the times ¢ and ¢’, assigned to it by A and B respectively, 


of the form f= 67,7), (3) 


+ 


the following functional equation could be deduced from Table 1: 


6 v)+4( v) 26, 2) (4) 


Since M is arbitrary, it follows that ¢, and ¢, are independent. 
Assuming that ¢ may be differentiated twice with respect to its first 
. 
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argument, the operation denoted by @?/ét, et, gives 


oilt, V) = 0. (5) 
Consequently, t’ = d(t, V) = a(V)t+d(V). 
Substituting this form in equation (4), we deduce that if ¢ be finite 
and V not equal to zero, then 
a(V) = 0. 


Consequently, ¢’ is independent of ¢, which is physically absurd. 
Hence Table 1 does not provide sufficient information for correlating 


the two clocks. It does suffice, however, to show that 

t' At, (6) 
and thus that no physical meaning can be attached to the idea of 
simultaneity with respect to systems in relative motion, save in the 
extreme cases of infinite c or zero V. 

7. If the idea of distance is introduced (see § 4) the required addi- 
tional information can be obtained. With the previous notation, A 
determines the distance from himself of the event M by the equation 

x = }e(t.—t,). (7) 
Similarly, B determines the distance from himself of the same event 


M by the equation x’ = Jolri—r'). (8) 


Table 1 can now be replaced by Table 2. 


{ B 
EVENT 
t x t rv 
cl, cVt, 
B : T; 0 
' e—J c—J . 
M A(t.t+t,) | dc(te—t,) | Hrgt+r7i) | de(73—73) 
cto cVt, 
B, — = Ts 0 
a c+) c+ i 
TABLE 2 


We now seek whether a consistent description can be obtained by 
replacing the functional equation (3) by the relation 


t’ = ¢(2,t), 

















166 G. J. WHITROW 
where x and ¢ are independent. This suggests seeking a further 


relation of the form a! = fix,t). (10) 


The functions ¢ and f may involve V as well as x and t. From 
Table 2 the following six functional equations can now be con- 


structed: 


PL 4e(ts—t), H(te+4)] = 71), (11) 
= (= 4, a} .= = 5) (12) 
fl3c(te—t), 2(42+4)] = 3¢(%2—71), (13) 
¢ : 
0 - re oh . o=f a re, 7 (14) 
Equations (14) may be replaced by the single equation 
f(Vt,t) = 0, (15) 
for all ¢, since ¢, and ¢, are arbitrary.* 
If the substitutions 
== ee and 7» = ie (16) 
where B= Vie, (17) 
are made, then equations (11) and (12) lead to the equation 
$(CBE, £) + P(cBy, n) = 2(x, t), (18) 
where x = $cf{é(1+8)—7(1—B)} (19) 
and = HE(1+B)+9(1—p)}- (20) 


These coordinates refer to any event M and so are perfectly general. 
8. Operating on equation (18) with the operator 07/0£0n, we obtain 
the equation P . . , 
c(1—B \bax(X, t) - (1—B?)dy (2, t). (21) 
If V # +e, then f? 4 1, and we may replace equation (21) by the 
partial differential equation 
on wn 
~: Md (22) 
dz®§ Ss c*- 
This is D’Alembert’s wave-equation and its geneval solution is 
(x,t) = O(ct+-x)+V(ct—2), (23) 
* This equation merely signifies that all events at B have a zero x’-co- 
ordinate. Its use is as a check on our subsequent calculations, e.g. equa- 


tion (26). 
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where ® and are arbitrary functions. If this form be substituted 
in equation (18), we obtain the relation 


M{cé(1+-8)}—'‘V{cé(1—B)} = Of{en(1+-8)}—'‘V{en(1—B)} = const., 


since € and 7» are independent. Hence, replacing either cé or cn by 
any A and absorbing the additive constant, we obtain the relation 


(1+) = ¥{(1—B)A} 
If we define a function 0 by the equations 
Of{(1—f?)A} = O{(1+-B)A} = ‘P{(1—B)A}, (24) 
the general solution of equation (18) may be written as 
' = d(x,t, V) = Of{(1—f)(ct-+2), cB} +-O{(1+B)(ct—z), eB}. (25) 
Using this result in equations (12) and (13) we also obtain 
ve’ = f(x, t, V) = cO{(1—B)(ct+-2), cB} —cO{(1+-B)(ct—z), cB}. (26) 
Equations (25) and (26) constitute the complete solution of the 
equations (11) to (14).* 
9. The Galileo-Newton postulate implies that if 


x’ =f(x,t,V) and t’ = d(z,t,V), 


then x= f(z',v’,—V) and t= ¢(z’,t’,—V), 
Le. ja = fifla,t, V), $(x,t, V), —V} (27) 
lt = df f(x, t, V), b(a,t, V), —V}. (28) 


From equations (25) to (28) the relations 
(x = cOf(1+B)(ch-+f), —eB}—eO{(1—B)(co—f), —eB} (29) 
\t = Of(1+B)(eh+F), —eB}+ O{(1—B)(ep—f), —€B}, (30) 
where ¢ = ¢(x,t, V) and f = f(x,t, V), can be deduced. The equations 
[eb-+f = 20O{(1—B)(ct-+2), eB} 
lep—f = 2cO{(1+)(ct—2), eB} 
follow from equations (25) and (26). If we substitute 
= (1—£A)(ct+2), x = (1+8)(ct—2), (31) 


* Attention should be drawn to the fact that if Vt is substituted for a in 
equation (26), then equation (15) is satisfied automatically, showing that the 
form of @ is perfectly general, so far, as may also be verified by substituting 
(25) in (18). 














168 G. J. WHITROW 


equation (29) may be written in the form 


y 


cO{2c(1+B)O(C, ¢B), —B)— 5 B) 


= cO{2c(1—B)O(x, cB), —cB}— ”, 





(32) 
B) 
Since x and ¢ are independent it follows that ¢ and y are so as well. 
Hence each side of equation (32) may be equated to an arbitrary 
function k independent of € and x. Since x,t = 0 implies z’,t’ = 0, 
it follows from equation (25) that 
@(0, cB) = 0. (33) 

Hence the arbitrary function & must be replaced by zero. 

If in the equation which results from equating the right-hand side 
of equation (32) to zero we replace x by ¢ and 8 by —8, we can 
deduce the relations 


y 


©@{2c(1+f)O(C, cB), —cB} = Of2c(1+8)O(C, —cB), cB} = ~ ee (34) 


Writing (1+B)/(1—B) = o2, (35) 
we deduce from (34) the relations 
O(a?l, cB) = Of 2c(1+f)O{2c(1+f)O(C, cB), —cB}, cB] = a?O(¢, cB). (36) 
Omitting explicit reference to c8, we deduce that © must satisfy a 
functional equation of the form, 
P(aPl) = ah(C), (37) 
where a? + 1, since B # 0. 
10. The functional equation (a?l) = a*%b(C). Since a? ~ 1, it is 
immediately seen that we must have 
~(0) = 0, (38) 
in accordance with equation (33). Assuming y% to be differentiable 
with respect to ¢, we have 
p'(a?L) = P'(2), 
and more generally yb’ (a*"Z) = W'(Z), 
for any positive integer r. If ¢, be any definite value of ¢, then, 
whether la?] <1 or |a®| >1, 


an infinite sequence, 
2 , —2 
C=—n, o a, 
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converging to zero, can be constructed so that 
p'(C,) _ ob’ (fo). 


[It follows that if #’(¢) has a unique limit / as {+ 0, this will also 
be the limit of #’(,), and hence for any (, we have 


b' (Lo) = U. (39) 
Consequently ¢ satisfies an ordinary differential equation, which on 
integration with the condition (38) gives* 


O(L,¢B) = WD) = UVYL. (40) 


Substituting this result in equation (34), we obtain the condition 


UM —V) = apa: (41) 


Substituting the form of © given by equation (40) in equations 


(25) and (26), we have the formulae 
x’ = f(x,t,V) = 2cl(V)(~—Vt) ) 
t’ = d(a,t, V) = 2cl(V)(t—Va/c2) } 


(42) 


Conversely, we have 
«= f(x',t’,—V) = 2cl(—V)(2'+Vt') | (43) 
t = d(2’,t’, —V) = 2cl(—V)(t’+- V2" /c?) \" 


Putting x = 0 in the second of equations (42), we get 
t’ = 2Wl(V)t. (44) 


Hence, if B is moving away from A with uniform relative velocity 
V, equation (44) gives B’s calculation of the time of any event at A. 
Since A is moving away from B with the same relative velocity, the 
reciprocal equation must be 


— 2K(V)t. 


, 


But by putting 2’ = 0 in the second of equations (43), the reciprocal 


equation is seen to be 


Consequently, 


It can be shown that a? ~ 1 and the existence of lim #’(f) as £ > 0 are 
necessary as well as sufficient conditions for (40) to be the complete solution 
of (37). Since we have already assumed that ¢ and f may be differentiated twice 
with respect to x and ¢, the limit condition is not a new assumption. 
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and hence, by equation (41), 
UV) = +3(°—V?)+. 
The 2’-coordinate of any event at A is given by 
x’ = —2cl(V)Vt. 
From the conventions made with respect to spatial sense this must 
be of the opposite sign to Vt. Consequently, 


WV) = +4(c?—V?)-4, (45) 

and we obtain the transformation formulae 
x’ = (x—Vt)(1—V?/c?)-, (46) 
t’ = (t—V2/c?)(1—V?/c?)-4, (47) 


uniquely. These, of course, are the restricted Lorentz formulae. 


The three-dimensional problem 

11. The second experiment. As before, A and B are two observers 
in uniform relative motion in the line AB. C is any third observer 
at rest with respect to A, collinear with A and B and between them. 
A’s clock and C’s keep pace with each other (see § 6), and this sug- 
gests the following experiment. B dispatches a signal at any instant 
in the direction BA. It arrives at C at time t, by C’s (and A’s) clock 
and is instantaneously reflected in any direction orthogonal to AB. 
It is ultimately reflected back to C by an arbitrary mirror NV, which 
may be moving in any manner. The signal returns to C at time ¢t, by 
A’s clock and is then reflected back to B. As before, A’s clock and 
B’s are synchronized so as to read zero time at the instant when 
A and B part company. B calculates the instants of the arrival at 
C of the signal on its outward and inward journeys as t,, t, re- 
spectively. 

12. The only essentially new calculation connected with this 
experiment is B’s determination of CN. If u is B’s calculation of 
the component of the signal’s velocity in the direction CN when 
travelling from C to N, then, since —V is its component orthogonal 
to CN, we have, by Einstein’s postulate,* 


u2+V2 = c?, 


whence u = c(1—f?)!. (48) 
Consequently B’s calculation of the distance CN is given by 
y! = he(t,—t;)(1—p?). (49) 


* We now assume that the world considered is Euclidean. 
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The following table can now be constructed. 





EVENT nes ieobiet = 





0; ite] t; x — Ve, 0 


N Rta+t,)| % | de(t,—t,) Htg+h&) |ay>—3V(t,+4) de(t,—t; (1B) | 


| 
| 
ae 
| 
| 


's te Lo 0 ty 


x— Vt; 0 
TABLE 3 
C, denotes the first arrival of the signal at C, 
N denotes the reflection of the signal at N, 
C, denotes the second arrival of the signal at C, 
X» is A’s reckoning of the distance AC, and x; is B’s. 
13. Considering the plane NACB and taking the z-axis in the 
direction AB and the y-axis parallel to NC, the relations 


a’ =f(x,y,t), y=g(xy,t), t= d(x,y,?), (50) 
when applied to Table 3, give nine functional equations of which 
the three involving ¢ are: 

t+t, = 2f{2o, d¢(t.—t,), ta+h)}, (51) 
ti = $(%o, 0,t,), and t; = (2p, 0, t,). (52) 
[t must be emphasized that though x, is a constant it is an arbitrary 


constant. 
Equations (51) and (52) give the functional equation 


$(Xp, 0, ty) +G(%p, 0, to) = W{xo, de(t2—t,), H(ta+h)}. (53) 
Since, by equation (47), 
$(2y, 0,t) = (t—Varg/e*)(1—V2/e2)-, 
equation (53) may be replaced by 
{d(tg+t,)—Varg/c?}(1—V?/c?)-* = ${2o, $e(ta—t,), $(to+h)}. 
Since 2, $c(t,—t,), and 4(¢,+¢,) are independent and arbitrary, it 
follows that ¢ is independent of its second argument, whence 
U = d(x,y,t) = (x, 0,t) = (t—Va/e2(1—V2/e2)4, (54) 
Substituting for ¢; and ¢; in the equation 
9{ 2, $C(ta—ty), $(to+t,)} = $e(t,—t,)(1—V?/c?)}, (55) 
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which is deduced from the middle row of Table 3, it is seen that 
G{Xq, 3¢(tz—t), H(t +ty)} = 3¢(te—h), 

and hence that oe y.t) = y. (56) 
Similarly, 2f{2», $c(tg—t,), (te +t,)} = (xo, 9, 4) +f (Xo, 9, te). (57) 
Using equation (46) we are led to the result 

a’ = f(x,y, t) = f(a, 0,t) = (w—Vt)(1—V2/c?)-. (58) 
Equation (56) signifies that A and B agree on all spatial calculations 
orthogonal to AB. With this information the general Lorentz 


formulae x’ = (x—Vt)(1—V2/e2)-4 
y=y w=2 | m7 
and t’ = (t—V2/c?)(1— V2/c?)-4 - 


may be immediately deduced. 


Summary 

14. We have considered a world characterized by the following 
postulates: 

(i) The existence of a definite velocity ¢ which is invariant for all 
observers A, B,... in uniform relative motion. 

(ii) The existence of physical entities (‘signals’) which may be 
transmitted with this velocity. 

(iii) The Galileo-Newton postulate of relativity. 

We have assumed that the transformation formulae may be dif- 
ferentiated twice. Moreover, we have assumed that space and time 
are isotropic in so far as the orientation of AB is irrelevant. This 
assumption is implicit in condition (iii), for if it were not true then 
there would exist preferential directions, contrary to the spirit of 
relativity. With these conditions and assumptions we have proved 
that the transformation formulae are of the Lorentz form.* This we 
have shown by taking clocks as fundamental, but it would have been 
logically equivalent to have taken taut measuring tapes folding back 
to the observer who halves the measurements he reads off. 

In conclusion I should like to thank Professor Milne for his kind- 
ness in giving help and advice. The idealized experiment of § 5 and 
the problems arising from it were originally suggested by him. 

* If we make the additional assumption that there are no universal con- 
stants of time or distance the work from §9 onwards may be replaced by 


a simpler dimensional argument. Without this assumption our work is 
equivalent to the proof that no such constants exist. ; 








ON AN INTERPOLATED INTEGRAL FUNCTION 
OF GIVEN ORDER 
By M. MURSI (Cairo) and C. E. WINN (Cairo) 
[Received 14 December 1932] 
Ir is well known* that, given a real increasing sequence r, whose 
only limit is infinity, together with an associated complex sequence 
b,,, there exists an integral function f(z) such that 
f(r,) = 6, (nm = 1, 2, 3....). (1) 
We observe at the outset that, if the modulus of b,, increases on the 
whole so rapidly that 
lim loglog u(r) > 0, (2) 
no logr 


where p(r) = max |b, 
Isvan 


then the order of f(z) cannot be less than o, since for certain values 
of n, as great as we please, 
S(t) = by = BT, )- 
This sets a natural lower limit on the order of the constructed func- 
tion. On the other hand the order of such a function is also affected 
by the proximity of the numbers r,. For example, when 
b,.., = 0, = fieoe 3,333.3, 
whilst f=, 
we can construct a function of unit order to satisfy (1). But if, with 
the same values of b,,, and 
ony = %, To, = n+e™, 

where c > 1, the order of the derivate and therefore of the function 
itself would be greater than unity. 

These remarks suffice to show the necessary dependence of the 
order of f(z) on the distribution of the r,,’s. The function f(z) is 


the canonical product with simple zeros r,, multiplied by a mero- 
morphic function having only simple poles at r,, with residue equal 
divided by the derivate of the product at r,. In general, unless 
the 6,,’s happen to be of a very special character,t the order of the 


to b, 


a 


* See Osgood, Functiontheorie, p. 540. 
For example, when b, = exp(n''’), 7, = n‘/e(p > 1), the function f(z) = e* 
takes the values b, at r,, although its order is less than p. 


7 
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function cannot be less than p, the exponent of convergence of 7,,, so. 
that the order of f(z) is not less than max(p, oc). If either p or a is 
infinite, the order of f(z), being infinite, is of course equal to max(p, c). 
The question was suggested to one of us by Dr. J. M. Whittaker as 
to whether the same could be said, when both p and o are finite. And 
it is our object here to show that for certain sequences r,, there are 
integral functions with the property (1), whose order is equal to the 
greater of p and o. 

We consider the case for which the increase of r,, is restricted by 


the relation* log n 
lim =p > 0, 
n—>2 log T 
which of course implies 
ae 
lim 
n>o logr,, 


Further, we limit the proximity of the values r, by the condition 
: Train - 
ian 2 > 6. (5) 
n-@2 rn 
The first step in our work is to construct an integral function J(z) 
of order o such that 


J(r,,) : b, . (6) 
We then form an integral function ¢(z) of order p, with simple zeros 
par such that n|¢'(r,,) > , (7) 


The required integral function is then given by 


a Fee) 


where q is an integer chosen great enough to secure the convergence 


of the series. 

We may suppose without loss of generality that r, > 1. For other- 
wise the finite number of r’s not exceeding unity can be allowed for 
by a polynomial factor incorporated in ¢(z), which will not affect the 
order of the constructed function. Accordingly, 


p(?,) ws (8) 


log Tn 
may be assumed positive. Let us consider the polygonal function 
: —— logn 
* In general, the exponent p is equal to lim 


n—w lOgT,, 
considered increase like the zeros of a function of regular growth. 


The values of 7, here 
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p(r) which joins the points {r,,, p(r,,)}, so that p(r) is continuous, and, 
in view of (3), tends to p, as roo. We then derive a monotonic 
ae Tae 
increasing function A(x) = min p(r) 
r2>xr 

whose limit is also p. Moreover, if h is any positive number less than 
p/o, we can fix 7’ so that for r >7’, 

A(x) 

o 

loglog u(r,) _ a3, 

logr,, 


>h'>h. (9) 


Next, putting 


we form the polygonal function o(r) through the points {r,,, o(r,)}, 
and derive the monotonic decreasing function* 


T(x) = maxo(r), 


which by (2) tends to o, as r > 00. 
Now consider the equation 
a = e-1(Ar, )P@A@), (10) 


where A is a constant at our disposal, and r,, is taken great enough 
to yield a root x >r’. We may suppose 
Ty SX < Ty, (11) 
so that N tends to infinity with n. Thus we have 
logry+1 < {r(ry)/A(ry)}log(Ar,). (12) 


Let us take the integral function 


x 
—. f Nr, 77, yn 
J(z) = 2 tae, manrerEy. 
[ts order is seen to be o. Fort on account of (3) and the limiting 
values of A(r,) and 7(r,,), 
lim ” {A(r,,)/7(r,,)}log r,, —n log A ss 1 
—, nlogn o 
We next establish (6). Since the expansion of J(z) consists of 
positive terms only, we have 


J (7, ) > (A ln {ry : Mew etry 7" 


* By max and min are understood the upper and lower bounds respectively, 
when there is no greatest or least value. 

+ G. Valiron, Lectures on the General Theory of Integral Functions (1923), 
pp. 40-1; cf. also pp. 38-9. 
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whence, using (12), we get 


log J(r,,) > N log Ar, — wi wiog ry 


r(Ty 
> wAlry) +1 
i T(Ty) k 
= eg hat a). 
where k is a positive constant. Further, by (11) and (10), the last 
expression exceeds 
T(r) ) 


Pry. , 
r) - 


k -le—plr'y D(A Y, JA 5 (13) 


But p(rvs,) > minp(r) = A(z), 


and a(x) > t(rwiy max a(r), 
rorya 
which is > o(r,,), provided that r,, > r4,,,. Now for sufficiently large 
values of » (and therefore of NV) it follows from (10) and (9) that 
r= A 1(ex)M“) (x) A l(ery yr, 
which in virtue of (4) will exceed r4.,,, when n is great enough. Thus 
the exponent of Ar,, in (13) eventually exceeds o(r,,), and therefore, 
by suitable choice of A, we can obtain for all values of n 
log J(r,,) > raew 
= logp(r,) > log|b,,|, 
which gives (6). 
We next construct ¢(z). The condition (5) shows that for some 
positive 6 and all x > 1 


We take an integer p > p and 3/5. Then with r, = a‘) we associate 
the complex numbers 
(q) » pl2q/p)ri « . 
an ry € Se (1 p). 
The required function is 
Lx 


401= FT (al as) (-a 


n=1 
ie) x 

‘ Ald Z 
E163) - 110-8) 

yD 

n=1 “s n=1 5 
where Z = z” and R, =r?. The convergence of the product is 
ensured by the condition p > p, whilst the order of ¢(z) is equal to 
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the exponent of r,, namely p. Further, we have 


the value v = n Sila as excluded. For 


3 sii 
—e-(qlp)7i) — ‘ 
[T( -z5) = Ta pier lim 


q=1 
Also, from (14) and our choice of p we deduce that 
Riu—R, _ asin PC nrsi—Tn) > 
R,, 4 Tn 
&... 3 1\? 
Hence ati S 14+- > es ) : 
R n 


n 


so that for n + v we get 


Tp 


By considering the limiting value of the function* (sin 7z)/mz, as 
~n, we find the last product to be equal to 1/2n, whence we 
arrive at (7). 
We now proceed to show that the constructed function y(z) satisfies 
the conditions of the problem. We first prove that the series 


>a eee m) 


n=1 
where g is a positive integer > 3p, is absolutely and uniformly con- 
vergent in the finite part of the z-plane, and that its sum is an 
integral function of order not exceeding p. 
We first observe that, for |z—r,| > 1, 


< |4(2)| 
< M(r), 


* It is of interest to note that in the special case r, = n, it is sufficient in 
the above to take p = 2, yielding 
$(z) = (sin7z)/7z. 


N 
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, when |z| =r. On the other hand, for 





the maximum of |4(z) 
|z—r,| < 1, the modulus of 

(2) 

Z—Ty 
assumes its maximum value on the boundary. In either case, there- 
fore, we have 
< max |¢4(z)| 


12 4 








= M(r+2), 


which is clearly of order p. In view, then, of (6) and (7), (15) has as 


ra a7 — n ; 
5 M (r-+-2) > ra ; 


and the series converges for the chosen value of g on account of (3), 


dominant the series 


with a sum of order p. 
We see thus that the order of x(z) is less than or equal to max(p, c). 
Also, as x(r,,) = 6, it follows from (2) that, for any positive e, 
log|x(z)| > |z 
for real values of z, arbitrarily large. Consequently, if o > p, the 


o—e€ 


order of x(z) is equal to max(p,¢). 


Again in the direction argz = 0 
oo) 
—y- 2p 
it is clear that ¢(z) = | | (1 + ‘| 
- 
n=1 ” 


assumes its maximum for given |z|. Hence, for any « > 0, we can 
obtain positive values of z, as large as we please, such that 

$(z) > exp(|z|P-*). 
Also J(z) is positive when z is positive. Accordingly, when o < p, the 
order of x(z) is equal to that of ¢(z), namely p. The conditions of our 
problem have thus been fulfilled. 

[We are indebted to M. Hadamard for several criticisms, and in 
particular for pointing out that one case of this problem was treated 
by Borel.* The latter established the existence of a (unique) inter- 
polated function of order o, when the growth of the 6,,’s is sufficiently 
slow—roughly speaking, when a is smaller than p. | 

* Comptes Rendus, 124 (1897), 673. Borel’s interpolated function is made 
determinate by the condition of slowest growth. 























ON THE SPHERICALLY SYMMETRIC FIELD IN 
RELATIVITY. II 


By B. HOFFMANN (Rochester, N.Y.) 
[Received 4 November 1932] 

1. Introduction 
[x a previous paper* by the author it was shown that the most 
general spherically symmetric field of gravitation and electromagnet- 
ism outside matter must, according to the theory of relativity, be 
a static field so that no energy can be dissipated in the form of 
spherically symmetric waves in vacuo. The general solution of the 
field equations was obtained under the limitations imposed. 

However, in that paper no mention was made of the cosmological 
constant, and it is the purpose of this note to show how the generaliza- 
tion to the case in which a cosmological term is present in the field 
equations can be made. It turns out that the generalized problem 
can be solved along the lines employed in the solution of the previous 
one, and so it will suffice if we here merely outline the steps of the 
solution where these steps are essentially the same as those of the 
earlier paper; equations will be numbered in the present paper by 
the number of the analogous equation in the other paper, but with 
an accent attached whenever an alteration has been made. 


2. The field equations 


The field equations that are to be used here are 


Gay t LautAGan = 0 ’ (ab) 
p jab ae 
and < 9) _ 0, O(a) 
Oar? 


where A is a constant and the other symbols have their previous 
significance. 

The amended field equations may still be considered as belonging 
to the unified field theories previously cited+ although the cosmo- 
logical term does not seem to have been specifically included in these 
theories; the addition of a cosmological constant would, of course, 

B. Hoffmann, Quart. J. of Math. (Oxford), 3 (1932), 226-237. 


+ See also the theory of Schouten and van Danzig developed in a series 
of papers in Zeitschrift fiir Physik, 1932-3. 
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not invalidate the theories, and it would leave us with the equations 
®’(ab) and O(a) that we propose to use as our basis. 


3. Spherical symmetry 

The question of spherical symmetry is not affected by the inclusion 
of the cosmological term; the argument of § 3 of the previous paper 
may be followed through here with the substitution of (G,,+-Ag,») 
where we had G,,, since if g,,, is spherically symmetric not only is 
Gy» but so also is (G,,+AGap)- 

In this way we arrive at the result that £,,, must satisfy conditions 
like (8). 
4. Proof that the gravitational part of the field is static 

The argument of § 4 of the previous paper may be taken over so 
far as showing that if H,, is spherically symmetric the only possible 
non-zero components of F,, are F,, = —F,, and F,, = —Fy,; we 
then obtain as before the results that 

E,, = 0, Bt =: FF: 
From ©’(14), ®’(11), and ®’(44) we now find 
(GratAguas) = 9, — (Gi+Agi) = (G@{+-Ag}). 
But inasmuch as g} = 5} = 1 = 6} = gi and we have taken a co- 
ordinate system in which g,, = 0, these equations give us 
G,, = 0, Gi = @, 

so that, as before, the line element is reducible to the static form. 

We have thus shown that a spherically symmetric field of gravita- 
tion and electromagnetism in the relativity theory, when the cosmo- 
logical term is not taken to be zero, must be such that the gravita- 
tional part is static. 


5. The most general spherically symmetric field outside . 

matter 

Changing the coordinates by means of a transformation of the 
form (16), we obtain the line element in the form 

ds? = A dt? — B dr* —r*(dé?+-sin*0 d¢?), (17) 

where A and B are functions of r alone. 

With this coordinate system the conditions of spherical symmetry 
are still valid and lead to the same result, namely, that Ah, = —F,, 
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and F,, = —F,, are the only non-zero components of F,,. The 
equations ®(a) and ®(abc) are now immediately integrable and give 


i, = * VAB, F, = sin 86, 
7 


where « and y are constants of integration. The values of H,,, are 
again given by (18) and (19). 

We must now attack the field equations directly; the computation 
is slightly facilitated if we rewrite these equations in an equivalent 
form; for, multiplying by g” and contracting with respect to a and 
b, we find, since gE, = 0 and Gy = Ra,»—4Ga» R, that 


R= 4A, 
so that the field equations ®’(ab) may be replaced by the set 
Rav—Wavt Lar = 0; ®" (ab) 


it is found, on computing the components of R,,, that the only 
surviving field equations of the set ®"(ab) for the new static co- 
ordinate system and metric of (17) are, using accents to denote 
derivation with respect to r, 


a (4) las 2, 


1A 1 ,<*+p* 
ir! 22, is Sea S| ey | peel = 0, 0’(11 
2A 4\A 4 AB rB° 2 eo 


r4 


1+5°(4 3) | 4+ -< tH _ 9, "(22) 
2 d ys r 


B\ ~ BSI 


and 
” \2 ‘Rr , 2 2 
Oe (4) 41 ee ogg Oe 
A > 


Ay 4 
B\2A'4 "4 AB rA{ 


the equation ®"(33) giving equation ®"(22) over again. 
From ©”(11) and ®"(44) we have at once that 
a (a 
rie & 
i.e. that AB = const. 


We may take the constant to be unity by a suitable alteration in 
the scale of r or t, and thus we have 


B = A-*, 
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Substituting in ®”"(22) we find 
A+rA'—1+)r24-5F — 9, 
2 


which, on integration, gives 


1 e?+ 





Ar—r +54 gone = const. —2m, 
2 f 
9 ‘ + yy? ) 
or A = 1— yt . ve : | 
r m5 > 
and therefore also ‘3 
B : {1-2 qs Cae 
| r 2 r | 


On substituting these values for A and B in ®"(11) it is found that 
the equation is satisfied. Hence the most general spherically sym- 
metric field of gravitation and electromagnetism in the absence of 
matter, the cosmological term being taken into account, is reducible 


to the form 


ds? = A dt? —A- dr? —r*(d@? +-sin?0 d¢?), } 
with Fi,=er-? and F,, = psin§g, | (20’) 
2 21,2 
where A Lae —5y zt =e Ko : 
r a, J 


6. Interpretation of the field 

The field we have just obtained corresponds, as before, to the 
effect of a charged, spherically symmetric piece of matter, not neces- 
sarily stationary, having a magnetic pole strength, the mass being 
measured by m, the electric pole strength by «, and the magnetic 
pole strength by pw. If isolated magnetic poles be considered as 
having no existence for the experimental physicist we must set 
wu = 0 in (20’). 


7. Conclusion 

In the previous paper Birkhoff’s theorem was generalized to refer 
to the case of a field of gravitation and electromagnetism; in the 
present note it has been shown that the theorem is also valid for 
such a field in a universe having non-zero curvature, and the most 
general line element obeying the restrictions imposed has been ob- 
tained. Thus for this more general case it is still true that spherically 
symmetric waves of gravitation and electromagnetism cannot exist 
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and that therefore an isolated spherically symmetric distribution of 
matter cannot lose energy in the form of such radiation. 


Correction. 

In the previous paper the discovery of the field of a charged sphere 
was ascribed* to H. Weyl. It has been pointed out that the credit 
for being the first person to obtain this field is due to H. Reissner,t 
and the writer wishes to tender his apologies to Professor Reissner 
for the error—an error that permeates much of the English literature 
of the relativity theory. 

* Hoffmann, ibid., p. 235. 
+ Ann. der Physik, 50 (1916), 106. 
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ON THE LIMITS OF VALIDITY OF A THEOREM 
OF STOKES REGARDING THE FIGURE OF 
THE EARTH 


By CORRADINO MINEO (Palermo) 
[Received 22 January 1933] 


THE object of this paper is to examine how far a theorem of Stokes 
concerning the determination of the figure of the Earth is valid. In 
a remarkable Memoir, Poincaré attempted to enlarge its validity.t 
But unhappily the analysis of the great mathematician requires cer- 
tain further developments, and it will be proved that, on account of 
the omission of terms, the approximation remains fundamentally the 
same as Stokes’s.{ Nevertheless, it is possible to remove the restric- 
tion that the angular velocity of the planet must be a small quantity 
of the first order. Even for non-slow rotations (compatible with the 
dynamical equilibrium of the surface), the problem is soluble and 
reducible to the third boundary value problem of the potential 
theory. 

1. Suppose that the Earth’s gravity has been determined over the 
whole of an external surface of equilibrium S, geometrically unknown 
but accessible. By means of these values of gravity (and of any other 
data) is it possible to deduce the equation of S? 

Let the Earth be referred to polar coordinates r, 0, ¢, the origin 
O coinciding with its centre of mass and situated in the axis of rota- 
tion. We may conceive, for instance, that gravity has been deter- 
mined on S in terms of the angles 6 and ¢. If 

r = F(0,¢) 
is the equation of S, the function which is required is F(6, 4). 

The problem of determining F'(#,¢) may be reduced to the deter- 
mination of the Newtonian potential V of the Earth outside the 
surface S. This potential V has to satisfy the following conditions: 

(a) it must take preassigned values on the unknown surface S; 

(b) it must have a preassigned normal derivative on S. 


+ See Poincaré, ‘Les mesures de gravité et la géodésie’: Bulletin astrono- 
mique, 18 (1901). 

t Poincaré’s analysis is given by Hopfner in his treatise Physikalische 
Geoddsie (Leipzig, 1933) 411-17. 
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If (a) alone be required, the function F (viz. the surface 8) remains 
wholly arbitrary, and the problem of determining V is then an 
external Dirichlet’s problem. 

If (6) alone be required, the surface S remains wholly arbitrary, 
and the determination of V is then reduced to an external Neumann’s 
problem. 

If (a) and (6) are both required, the surface S cannot be arbitrary, 
and its determination constitutes a kind of converse Neumann- 
Dirichlet problem, for the boundary values are given, but the 
boundary itself is unknown. The function F must verify a com- 
plicated integro-differential equation, which I considered a few years 
ago. In general, it is not known whether such an equation admits 
of solutions.t 


2. A remarkable particular solution, as is well known, was first 
given by Stokes. Suppose firstly that the equation of S is 

r = a(1—ol), (1) 

where ¢ is a given function of @ and ¢, and a is a small positive 

quantity (less than 1). The mass M of the Earth and its angular 

velocity w being known, the value of gravity g is uniquely determined 

on S, according to the hypothesis (1). Let, instead, the observed 


gravity be g*, and suppose 

g*—g = BG(8, 4), (2) 
where G(6,¢) is a given function and f a small positive constant. 
The existence of the anomaly g*—g proves that the hypothesis (1) is 
not exact. For a second approximation, we suppose that the equa- 
tion of an external surface of equilibrium S* of the Earth is 

r = a(l—ot—Bu), (3) 
where u is a function of @ and ¢, to be determined. Jf the terms of 
the order Bu, Bw*, B® are rejected, and if the given function G verifies 
a condition (which may be expressed by saying that no term of the order 1 
figures in its expansion in series of Laplace’s functions), it follows 
that there is a unique function, that is to say, a unique surface S*, to 
which corresponds the gravity g*, the total mass and the centre of mass 
of the Earth remaining unchanged. This is the theorem of Stokes.{ 

+ See Mineo, ‘Sulla formola di Stokes che serve a determinare la forma 

della Terra’: Rendiconti del Circolo Matematico di Palermo, 51 (1927). 


t See Stokes, On the Variation of Gravity at the Surface of the Earth 
(Cambridge University Press, 1883) 139-42. 
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3. Let us pass to Poincaré’s analysis. After repeating the analysis 
of Stokes, Poincaré takes as reference surface an ellipsoid of three 
unequal axes and sets out to reject only terms of the order of the 
square of the distance between geoid and ellipsoid (loc. cit., pp. 33-9). 
In this analysis, Lamé’s functions play the role which Laplace’s do 
when the reference surface is a sphere. 
Let a (4) 
er + 6 
be the equation of the ellipsoid S of reference, turning round the 
shortest axis with constant angular velocity w. Putting 
po—a* = a?, = pp— B® = B, pp? = ¥?, 
we consider the family of confocal quadrics 
a? y? 72 
a T aR se = $, (6) 
and we call p, y, v the confocal coordinates of the point (2, y,z), where 
+o>pP>Y>pp> P>v> a? > 0. 
For A = p = po, we have the ellipsoid (4). 
Let us put 


H=# Ve x”)(p?—B*)(p®@—y*) 


2 


an pv(p?—p?)(p?—v*) 
If F(p,u,v) is an arbitrary function, its normal derivative on the 
ellipsoid of parameter p is given, as is well known, by 
dF oF dp 
dn “a Op dn’ 


(9) 
this normal being taken outwards. 
Poincaré takes the equation of the geoid S* in the form 


=ro+(Z) ¢ (10) 


dn} 9” 
¢ being a function of » and v, whose square is supposed to be negli- 
gible, while (dp/dn), indicates what the function H becomes for 
p = py. It follows that in passing from the point MV of the ellipsoid 
S to the point M* of the geoid S* the increment of the coordinate p, 
along the line p through M, is (dp/dn), ¢. 

Let us call V, the external Newtonian potential in the first ellip- 
soidal hypothesis (in which the rigorous expression of V, is well 
known); U the potential of the centrifugal force, that is, }w*(a*+-y?); 
W, =V+U the total terrestrial potential, always on the hypothesis 
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(4). Calling, instead, V and W respectively the Newtonian potential 
and the total one on the hypothesis (10), Poincaré writes 
W = W,+8V = %+8V+0, 
where 85V is clearly of the order of €. 
On the surface S, we have, by hypothesis, 
(W)s = No)st(U)s = C, (11) 
C being a constant. 
On the surface S*, we must have 
(W)s- = (Vo)se+ (8V )ge+(U) se = C+8C. (12) 
Poincaré supposes 5C = 0; but, strictly speaking, C depends upon 
the total mass M, the rotation w, and the surface S; it accordingly 
varies in passing from S to S*. 
Omitting only terms in (?, we have 


' ou (d 
()se = et t5 (F) 
Opy \dn} o 
(8V) se = (8V)s. 


To the same approximation, we then deduce from (11) and (12) 


oe +(8V)s = 80. 
0 


~ Op, \dn 


For the value of gravity g on S, on the hypothesis (4), we have 


rm OW, (dp\ . 
i Opy \dn},’ 


gf = (8V)s—8C. (13) 

Let us pass to the expression of gravity g* on S*, on the second 
hypothesis (10). The element of arc of the line p, issuing from the 
point M of S, is H- dp, and consequently the component of g* along 
this line is HOW /ép. Denoting by n* the normal at the point M* of 
S*, taken outwards, and by (p,n*) the angle between this normal 


and we may then write 


and the above line p, we may then write 


1 ow 
g* = — a} . 
cos(p, n*) Op | gs 
+ This, however, implies that equation (11) itself must subsist as far as the 
terms of the order of @, at least. 
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Poincaré implicitly supposes cos(p,n*) = 1; but this is not correct 
to the desired approximation. Indeed we have 
cos(p,n*) = 1+€LQ, 
where Q is a function of pu and v, linear and homogeneous with respect 


to the three quantities [, 0¢/@u, 0f/év; and « may be called the 
ellipticity of our ellipsoid, putting 


a+b—2c 

2a 
It follows that Poincaré, in fact, neglects terms of the order of «C, which 
are much greater than the terms of the order of ¢?. On the other hand, 
if the terms of the order of ef were retained, the problem, on account 
of the intricate expression of Q, would become very arduous and not 
reducible to the third boundary-value problem of the potential 
theory. We shall neglect, then, the quantities of the order of «€. To this 
approximation, we have simply 


g* = —(a>) (14) 
Op | s« 
But ¢ 
(H)s. = (7) (14 I. 
dn} ©Po 
(em), ie) 2? a 
op / s+ po —- Spy \dn}q Po 
so that 
= (a) (Ne Se bt pe las) t+ rv). 
dn} y\ pq &po &po opp \dn}o Po J 
Taking account of (13), this equation may be written 
/ 2 a2 y © 
po = (2) orarna0)-(it) 20r)- 
dn} og Opi dn} po 
— 5 on '£(8V)g—8C}. (15) 
€po &po\dn} og 


In the equation which is found by Poincaré [loc. cit., p. 37, formula 
(1)], the last term on the right hand of our (15) is absent. This 
depends on the fact that Poincaré does not consider the variation of 
dp/dn in passing from S to S*; but this variation can never be 
neglected. On the other hand, in (15) there are terms of the order of 
ef which are superfluous, since terms of the same order have already 
been neglected. 
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Indeed we have 


a a oH 1 a 
n=(@) 2+. (8) 1-84. 
: dn}y po Plo, % Po 


where the terms omitted are of the order of the ellipticity «. It 
follows that equation (15), save the terms in «{, may be written 
a (8V)s—8C [a PW, (; “\one 


: wal 


g—g* =< ~ (8V) + —s 

Po ©Po Po g \Po ps 

Thus the question is reduced to finding a function 5V harmonic 
outside the ellipsoid S, regular and null at infinity and satisfying, 


on the boundary, a condition of the type 


(16) 





ds ar 
~ (8V)-+P8V)s = k, 


where p and k are given functions of » and v (third boundary-value 
problem). This problem, in the case of an ellipsoid, is soluble (if at 
all) by means of Lamé functions. 


4. But it is easy to show that, to the present approximation, the 
problem reduces to a spherical one. Let us pass indeed from the 
confocal coordinates p, u, v to the polar coordinates r, 0, ¢. We have, 
neglecting terms in e, 
om, OW, ep 








r= A) aa je — | 

= OT sees = =— — = “TT eeey 
Cp or vp? — a? 

ew, @W, p® Pan. (- p? \e 

2. of 2 2 [es 9 2__ 8] oy’ 

Po or" p’—a’ n/p? —a? po—ay 


and then 


OW, (OW, po WwW, pa (PW 1 p3\(eW, 
Po i or r=a a Ops, stg a* or? r=a a a* or Sa 
Consequently equation (16), neglecting the terms in «f, becomes 


] ew, 0 

—g* = —{(5V),_,—8C ° —(8V . 17 
' . gi he 2 ( te )) ( 
We are thus led to the sphere. Equation (17) is the one obtained in 
the ordinary theory of Stokes. To the approximation which we can 
really attain, it is, then, quite useless to take as reference surface an 
ellipsoid of three unequal axes and to employ confocal coordinates. 


It is sufficient to move from (1) for passing to (3). On neglecting, as 
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Poincaré does, the terms in af, we clearly have, to this approximation, 


= —fau; (18) 
and putting éV = BfV*, 5C = BC*, (19) 


where f is the constant of gravitation, equation (17) becomes 


g—g* a(S ) +2 (vs = \(Fa) ’ (20) 


g or? 
But we have, omitting terms in «, 


W f[M , wa’ 


0 
r | 3 


P,+}w?r? sin0, io — + - 2?(1+-5P,), 


C re 


= i *a(5P,—2), 


where P, is the Legendre function of the second degree in cos 6. 
Consequently, equation (20) becomes, on the sphere of radius a, 
oV* 7 
__+pV* = k, (21) 
or 
¢ 4 2 2 > * 
2 [M /a*+-4w*a-+-§w?aP, Oe es 


ae : 22 
afM a?—2w%a+ $u*aP,’ re Pp (22) 


where p 

5. Equation (21) is more general than that which is found in 
Stokes’s theory, and it reduces to that one when terms in fw? are 
neglected. But these terms could not be rejected, for instance, for 
a planet turning, caeteris paribus, with an angular velocity ten times 
that of the Earth. A further step may be taken by integrating 
equation (21) even in the case of non-slow rotations. 


Let us put, for brevity, fM 
= 


a ° 
a“ 


9 4,2 
- 2 w*a / 
We get p [1+ * 5 (2 to.) (24) 
u Yo Yo 
Suppose that g*—g admits an expansion in a series of Laplace’s 
functions 


g*—g - By. G, 
m 
G.,, being a known surface spherical harmonic of order m. 


Putting V* in the form 


V* = U9 +0, 0?+0,w4+..., 
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2c* 1~— 
af 2, 


s0* 3 


-——v 
Yol Yo 
9 Ye 9 9 
eas " (2—5P,)— 4 (2—5P,)v4— —%), 
3yof 3/5 Yo 


0 





Let us put 


2) ie 2) 
7(0) 7(1) 
3 y m — } m 
Ly msi’ 1 m+.’ 
m=0 m=0 


From the first of (26) follows the condition 

G, = 0, 
which has been indicated in § 2. From the standpoint of differential 
equations of type (21), this condition may be explained by the fact 
that equation (21) admits of a solution uniquely determined when 
the function p is never positive; but, in our case, p is always positive 
and then the problem is not always possible. 


[t follows further, from the first of (26), that 


: ° _ am +2 é 
2¢ “5 aGy), ra - (m—1)f°™ (m a 1); 


that is to say, that functions Y‘° are uniquely determined, save, for 


m 


“( 


7(0) 
Vy 


the moment, Y(°. 

Similarly, from the second equation of (26) it is possible to deduce 
functions Y‘), except Y(!); but since in the right-hand member of the 
above equation the surface spherical harmonic of the first order must 
be nul, this condition enables us to determine Y‘°, which had not 
been determined by the first of (26). It is found, in this case, that 


Y) = 0. 


Continuing in this way, it is not difficult to see that all the functions 
Y‘) may be determined. The constant C* is as yet arbitrary; but 
on imposing the condition that the mass M of the Earth must be 
unchanged, we have 


YO+LYO w+ YO wt... = 0, 
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and this condition enables us to determine C*. Consequently, from 


the relation agu = 0*—fV*, 


the required function u follows at once. 

6. In general, it seems impossible to make further progress with 
the problem without knowing the law of development of the func- 
tion g*. If this development be given, one may attempt to find a 
spheroidal surface S*, on which gravity coincides with g*. Some 
research has been done on these lines. 

+ See Mineo, ‘On the expansion of the Earth’s gravity . . .’: Quart. J. of 
Math. (Oxford), 1 (1930), 116-21; and also Gulotta, ‘Sullo sviluppo rigoroso 
in serie di funzioni sferiche del potenziale esterno e della gravitaé superficiale 
d’un pianeta sferoidico non di rotazione’: Rendiconti dei Lincei, vol. xi, 
Roma 1930. 
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1. Introduction 


1. Well-known particular cases of the type of formula we consider 
in this paper are* 


tn 
mJ,,(2)J,(z) = 2 Ins ,(2z cos #)cos(u—v)0 dé, 
0 
K,(2)K,(z) = 2f K,,,,(2z cosh t)cosh(u—v)t dt, 
0 
K,, (tz) K,(—iz) = 2 [ Ko(2z sinh t)cosh 2yt dt, 
0 : 


mJ(Z)Jp =f Io(Z?-+-22—2Zz cos $)} dd. 


We consider the products K,,(Z)K,(z), J,,(Z)J,(z), where Z # z, and 
the chief results which we we are 


(i) K,(Z)K,(2) 
~ fs ie yf dees z 


|(Z?+-2?+ 2Zz 
\Ze*+-zeJ Kyi ly(Z?+2?+ 2Zz cosh 2t)} dt, 


—o 


which is valid when R(Z) and R(z) are both positive, and also, with 
certain restrictions, and with a proper choice of the path of integra- 
tion, when R(Z) and R(z) are zero. 

We give the proof in considerable detail for the three cases (a) when 
Z and z are both on the real axis; (b), (c) when Z and z are on the 
imaginary axis and on the same side, or on opposite sides, of the 
origin. 


* Watson, Theory of Bessel Functions, 150, 440, 444 (1), 367. 
3695.4 O 
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(ii) If X and «x are real, X > x, and R(u—v) < }, 





X +2e-" 


2rJd,,(X)J, (a) 
F  (X—xe-id\ Mus») ‘ . 
= | er( —_ ) {cos viJ,, ,,(~)—sin v7, ,,(a)} dp — 
E * x u \ u+v) J " 
—D gin wr | e v( Aine ) {cos vid, 4p(Q) —sinv7¥, ,,(Q)} du, 


0 
where We 1 x! , 
w = .(X?+2?—2Xzxcos¢), 
Q = ,/(X?+2?+ 2X2 cosh u). 
In this integral expression for J,(X)J,(x), the argument of the 
Bessel functions in the integrand does not vanish, so that it is 





generally possible to make use of asymptotic values; in the last part 
of the paper we give another integral expression, (7.22), more com- 
pact, but with a less manageable integrand. 

This last formula (7.22) is equivalent to the theorem that 


2 


> J—m(X J, i m(©) mdi 


; 
tov +m 
Xe-myy ie 

m=—2 





is the Fourier series, uniformly convergent with respect to ¢ in 
(—7,7) when R(u+v) > 0, of 


9 anc 1 i(e+v) 
ek(u _vpt} « COS ap ab Bi (D) 
| X2eibi + 2e-Adi| seg 
where ®@ - V{(2.cos 1d)( X2e'i + xe igi) 


The application of Fourier’s integral theorem to the formula (7.22) 
leads to what Watson calls Ramanujan’s extraordinary integrals 
(Watson, loc. cit. 449), so that (7.22) and Ramanujan’s formula may | 
be regarded as Fourier transforms. - 

1.2. Notation. Throughout we use X, 2 to denote positive numbers; 

Xi, xi are numbers of argument $7, and —Xi, —xi are numbers of 
argument — $7. 
2. The expression of K,(X)K,(x) as an integral 


From the well-known formula* 


K(z) = 4 [ e-eeoshs vt dt (jargz| < 47), (2.1) 


a 


* Watson, loc. cit. 182 (7). 
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we have, by direct multiplication, 
R R 
K,(X)K,(2) = lim 4 [ e-Xeosh¢—ps dt | e-zcoshu—ru day, 
witead -R 
If S, denotes the square bounded by u = +R, t= +R we may 
write this as 
4K ,(X)K,(z) — lim (| e—X cosh!—rcoshu g—pl—vu dy dt. 
ait” 

T+U,u= T—U and let Q, denote the square bounded 
by 7 = +R, U = +R. Then, since the integrand is positive, and 
Qrive © Sr Co Qprye © Sor; 

4K (X)K,(~) = lim | e~Xcosh!—zooshe e—pl—vu dadt 
— Or 
— 2lim [ [ e-(H4 v)T—(u—v)U e—X cosh(T +U)—xcosh(T—U) dUdT. 
= Or 
Now consider, for a fixed value of 7’, 
y = exp{—X cosh(7'+ U)—a cosh(T'— U)}. 
The greatest value of y comes when U is given in terms of 7’ by 


(x+X)tanh U = (x—X)tanh 7, 


-_ X\2 \3 
and is exp| — (2-+-X )cosh r\1—(- x) tanh?7'| | 


( \a+X J 


It is now easy to see that, for large R, 
R Z , 
e-—ve-+)U dU e—H+)T e—X cosh(T+U)—xcosh(T—U) qd]! — o(1), (2.3) 
"R R 
together with a similar result when the 7'-range of integration is 
(—oo, —R). Hence* 
2 co 
K ,(X)K,(x) - } e-e-v)U dU e—(u+v)T ep—X cosh(T +U)—xcosh(T—U) qT, 
—~ —« (2.4) 
Now write, in the 7' integral, 
(X-+2)cosh U = Acoshy, (X—2)sinh U = Asinhy, 


* Cf. Watson, loc. cit. 440. Here, as in Watson, all the integrals are abso- 
lutely convergent and an appeal to general theorems can be made. The above 
direct justification of the various transformations in the simple case of absolute 
convergence may serve to mark the main steps in the later work where, with 
non-absolute convergence, arithmetical detail obscures the argument. 
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where 
A= +.,/(X?+2?+4 2X2 cosh 2U) = + lf{(XeU+ae-V)(Xe-U + 2eV)}, 


expy = +,/{(XeU+2e-Y)/(Xe-U +-2e")}. 





and 
We thus get 
K,,(X)K,(z) — 3 | e—e-v)U dU | e—utv)T—Acosh(T +H) qT 


= f e-w-nosuiomiK, 00) dU, 

on using (2.1). That is to say, 
A ayer - (XeU+axe-U)\ tem F j 
K,,(X)K,(x) = [ ome Fe-7 paso Ky4(A)dU, (2.5) 


A= +./{(XeU+axe-U)(Xe-U +-2xe%)}. 


where 
3. The expression of K,,(iX)K,(ix) as an integral 


3.1. We begin with the necessary modification* of (2.1), namely, 


(iX) = ff e-Reoebi—medt = (—1< Rw) <1). (3.11) 
We proceed as in § 2 (with the same notation) and obtain 
4K ,(iX)K, (iz) in (/ e—iX cosht—ixcoshu e—pl—vu qdydt, (3. 12) 
ae Sr 
In this double integral we may replace squares S;, by squares Qp 
{bounded by t+-u = +2R, t—u = +2R] if we can show that 


J e-iXcosht—ixcoshu etmltvu dydt 


taken over each of the triangles 
(i) sides t= 0, u = R, t+u = 2R, 
(ii) sides u = 0,t = R, t+u = 2R, 
tends to zero as R tends to infinity. This we can do if » and v are 


suitably restricted. 
* Watson, loc. cit. 180 (11); Dixon and Ferrar, Quart J. of Math. (Oxford), 


1 (1930), 236. 
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Suppose that |R(u)| < 4, |R(v)| < 4. Then* 
2R—t 
[ e—txcoshu etvu du 
R 
2R-t 


ypivu ; +vu 
t [e-teomme Ld [ e—txcoshu ral € ) au 


x sinh u J du\sinh u 
= R 


= 0(e4®)+0(e48), 
and the double integral over the triangle (i) is less in modulus than 


R 
o(e-¥R) | el dt = o(1). 


Similarly, the integral over the triangle (ii) is o(1). 
Hence, in (3.12), we may replace Sp by Qp and, on writing 
t= T+U, u = T—U, obtain 
4K (iX)K, (ix) 
RR 
2 lim [ [ e-éXcosh(7 + U)—dxcosh(T—U)g—(u+¥)T uv) dUdT. (3.13) 
we eae 
We now show that, with the further restrictions on pu and v, | R(u)| < 
and |R(v)| < 4, (2.4) is true when we replace X, x by 1X, iz. 
3.2. Consider 
[ ee +v)T 9—iX cosh(T +U)—ixcosh(T—U) aT, (3.21) 
R 
where |R(u)| < } and |R(v)| < 4, for any fixed value of U lying 
between —R and R. Write 
X cosh(7'+ U)+2cosh(T'—U) = a, 
i d 
a : 7 = (e-**). 
X sinh(7'+ U)+2sinh(7'— U) dT 
On integrating by parts, (3.21) may be written as 
oe 0 (e!”) yn 
Xsinh(7’+U)+<xsinh(7'—U)},, 


5 e i“ d e-—u+y)T ar 
~ife Jt(Xciah(F} Oytaeak OOH 


so that e-ta 











R 


* We used the same method in a former paper, Quart. J. of Math. (Oxford), 
1 (1930), 139. 
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For any value* of U, if T' be large enough to make (X-+2)tanh T 
greater than |X —z}, 

nie ; : : ; X—zx\? 3 
X sinh(7'+ U)+2sinh(7’—U) > (X+2)sinh Ts 4 coth? 7 , 

Te 
and 
X cosh(7' 


1 U7)+acosh(7'— U) (X+2x)+ X —a!tanh 7 
X sinh(7'+ U)+asinh(7'— UV) (X +2)tanh 7’— |X —z|" 


It is now easy to see that (3.21) is o(e-?”), so that 


R oa 
e-(e-v U dU eH +»)T e—iX cosh(T U)-—ixcosh(T'-—U) aT 
—R R 
R 
| elUlo(e-2#) dU = o(1). 
—R 


There is a similar inequality when the limits of the 7’ integral are 
(—-oo, —R). 


3.3. Hence, from (3.13), we have 


K(X) K, (tx) 
R w 
i I lim e (pe vy)U dU eH +v)T'e 7X cosh(T +U)—ixcosh(T—U) aT’. (3.31) 
R—-« ° - 
—R — 2 


This is the result of (2.4) with 1X, ix for X,x and there is no difficulty 
in carrying out the remaining transformations of § 2. We thus obtain 
our second key formula 

x 


K ,((X)K, (ix) : e-(e-v 


yy [Xe"- xe U) e+») ; 
|Xe Ut ze | pivh 


iA) dU, (3.32) 


valid,+ by analytical continuation, when |R(u—v)| < 3. 
4. The expression of K,,(iX)K,(—ix) as an integral; X > x 
4.1. First assume that |R(u)|< 4, |R(v)| <<}. With slight 


changes, purely arithmetical in character, the work of § 3 as far as 
(3.31) may be carried out with —zx instead of x. This gives 


* The first result is obtained by finding the minimum of the left-hand side, 


qua function of U: the second result uses 0 |tanh U| kK 
+ It is fairly easy to see that the result holds when |R(u—v)| < $; the 
technique of integration by parts, here very laborious, is necessary to the 


proof of the convergence of the integral for the wider range of values. 
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K,(iX)K,(—tx) 
-1 [ eu dU [ eu Te-iXcosh(T+U)+ixeosh(T-U) (4,11) 
On the other hand the transformations whereby (3.32) follows from 
(3.31) require considerable modification. 
We may write (4.11) in the form 
2K ,(tX)K,(—ix) = A+B, 


where 


s D 


, e-#H#—Y)U dU | ee +)T e-(X—-ax)cosh T cosh U —i(X+2)sinh TsinhU gq’ 


0 x 
and B is obtained by putting —U for U in A. 
4.2. Let e?* = (X/x). Then 
(X—a2)?—4Xasinh*?U >0 when0<U <a. 

We may, when 0 < U < a, write 

(X—x)cosh U = A, cosh ¥,, (X-+-2)sinh U = A, sinh y,, 
where A, is real and positive (or zero), and A,, %, are given by 
Xe —xe-U 


. -_ 4.21 
Xe-U— ze” ( ) 


A, = +./{(X—z)?—4Xzasinh?U}, ems 
If A,, B, are the parts of A, B given by 0 < U < a, then 
A, é ( e-—u-vU dU [ e—iA,cosh(T+h))e—(ut+v)T qT 
0 x 
- 9 [ ee Wh —u-WU K  ,(iA;) dU, 
0 
the last step by means of the formula (3.11). Similarly, 
B, = 2 [ e-HimhHu-0U K,, (id) dU. (4.23) 
0 
4.3. When U > a, 4Xasinh?U—(X—z2z)*? > 0, and we may write 
(X—«x)cosh U = A, sinh po, (X+2x)sinh U = A, cosh po, 
where A, is real and positive (or zero) and Ag, #, are given by 


D - skt 
d= +y{4Xesinh*U—(X—2)), th = SO 


Note that #, is real for the values of U under consideration. 
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If A,, B, are the parts of A, B given by U > a, then 


Ps 
A, = [ eum dU fe tasinicr se user aT, 
a x 
which may be written as* 
x 
Ay = 2 [ e-U-U HHH He hut (Ag) dU, (4.31) 


a 
Similarly, “3 


B,=2 | eu urls eur K | (0g) dU. (4.32) 


4.4, We now combine A, and A, into a single integral. Consider 


. {XeU —xe-U"\ te) : i : 
2 [ enum (x a Ka f(XeU —xe-Y)(xeU —Xe-Y)} du, 
Xe-U —xeV er 
(4.41) 
where the path of integration is the real axis indented upwards at 
the point }log(X/x) and the determinations of the multiple-valued 
functions are fixed by the conventions that when U = 0 


d 


arg(Xe’ —ae-V) = 0, arg(Xe-Y—ze") = 0, 
arg(veY —Xe-Y) = x. 
For 0 < U < « the integrand in (4.41) is equivalent to the integrand 
in (4.22), namely, the A, integral. For U > a, 
arg(XeU —2e-¥) = 0, arg(Xe-U—xeV) = —7, 
arg(xe’— Xe-V) = 0, 
when U = }log(X/2) is passed by an indentation above the real axis. 
Thus, for U > « the integrand in (4.41) is equivalent to the integrand 
in (4.31), namely, the A, integral. Hence (4.41) is equal to A,+Ag, 
and so is equal to A. The expressions B,, B, differ from A,, A, in 
the signs of », v only. Accordingly, on making a slight change in the 
form (4.41), we have 


K,,((X)K,(—ix) 


X —2xe2U 


. —2U\ K+) 
* a = - K pinky (Xe —xe-¥)(xe —Xe-Y)} dU + 


__ ye—2U\ —Ku+) 
— ( a0 me Kyay (Xe? ’—xe-U)(xeU -—Xe-¥)} dU, 
—2 


* Compare Watson, loc. cit. 182 (10). 


(4.42) 
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where the path is indented above 4log(X/x) and the determinations 
of the functions are fixed by the foregoing conventions. 

In this form all restrictions on » and v may be removed. 


5. Increasing the argument by 47 

5.1. In a former paper* we developed in detail a process which 
we called ‘increasing the argument by $7’. We now make use of the 
same process as before in order to find, what was already known in 
the particular case then considered, an integral expression for 
J,,(X)J,(x). A comparison of that work with what follows will throw 
some light on our present method. The setting out of our argument 
is, however, independent of our former work. 


5.2. In the integrals of (4.42) change the variable from U to s, 
where . eY = et i(1+8%), (5.21) 


i.e. sinh U = s and dU = ds/,/(1+-s?). The corresponding s path of 
integration will then have an indentation above the real axis of s. 
Consider now the contour formed by 


(i) the are s = Re%, 0 < 0 < 4n, where R is large; 

(ii) the real axis, indented upwards at s = (X —zx)/2,/(Xz); 

(iii) the imaginary axis indented to the right at s = 7. 

The latter indentation is necessary in order to keep the integrand 
a one-valued function of s, since s = 7 is a branch point. 

It is not difficult to show that when |R(u—v)| < } the integrals 
over (i) tend to zero as R -> oo, the integrands being those of (4.42) 
after the substitution (5.21). Hence, if F(s) denote either integrand, 
we shall get 


[ F(s) ds =i f F(ti) dt, 


where the indentations are duly taken into account. We may then, 
instead of (5.21), use the substitutions 


eU = it+,/(1—#*) (0<t< 1), 
eU = it+1,/(2—1) (¢> 1), 
to transform our integrals. If now we write t == cos@ when 0 < t < 1 


* Quart J. of Math. (Oxford) 1 (1930), 122-45: in particular §§ 2.2, 4.2. 
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and t = coshu when t > 1, these substitutions become 
eU = icos6+ sind = ie-*?, 
eY = icoshu-+ isinhu = te", 
respectively. 
By these means we may write (4.42) as 
K,,(iX)K,(—iaz) 


37 


Tt a eed AS is ee . 
£6 | erm mn = —5 K s(t (X?+22+ 2X2 cos 26)} dé + 
X + axe-2tt 


« 


0 


re : X-+axe-2u i +v) : 5 te é = 
+ | errttirut . K hij (X?+2?+ 2X2 cosh 2u)} du + 
X +2?" ; 
0 
-+two terms which are derived from these by writing —, —v for p, v. 
ier" P +er"Q, + ie" P,+e"7' Qa, (5.22) 

say. 

In the second part of our paper.we use this form and not the 
form (4.42). 

Part II 
6. The expression of J},(X)J,(x) as an integral; X > «x 

6.1. We now deduce from a combination of (5.22) and (3.32) the 
formula for J,(X)J,(x) given in §1. The notation used is that of 
§ 5 (5.22). 

We have proved, (5.22), 


K,,((X)K,(— ix) = e''(tP,+Q,)+e"" (iP, + Qo), 
and, in (3.32), K ,(iX)K,(ix) = Q,+Qp. 


Both formulae are true if |R(u—v)| < 3. 
It is known that 


J, (x) +4Y, (x) = HS (x) a iyi K | (—i2), 


771 
2 : 
Jae) —a¥, ee) = —=el**K (in, 


and so, from (6.11) and (6.12), 


j 9 
2K,,(iX)J,(x) = {etv™*P, +-e-t™'P,} ii —" —er}Q,. 
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In order to facilitate the algebraical manipulations which 


follow we introduce the notations 
A = .(X?+2?+ 2X2 cos 26), A = ,(X?+2?+2Xz2 cosh 2), 
ry 210 \ 4 
P Ps (n+) 
_ [ ¢-20i( X+avet® em | (r) d0 
X +2e-210 ba ‘ 


tar 

r X +22? —h(p+v) 

~ 2vbi 

le (ee 70) SelM 


0 


- 2 
F X + wre \ He) 
= | e mz = = Ji+(A) du. 
‘ A+ re™ 
0 
The corresponding integrals with the Bessel function Y,, ,, replacing 
Q., respectively. Now [compare 


J are denoted by P,,, Po,, 
(iA) and, on using (6.14), 


pL Vv 
2)| P, is an integral which involves K,,,, 


(9.224 


we see that 9 
P , ae ——elu+miPp (6.21) 


st 
1 ly 
J L ml 


The same type of relation holds also for P, and Q,. 


By (6.14) and (6.15) we get 


J, (X)—tY,, (X)}J, (a) —=elwrtK iX)J,(2) 


Jy 


Qielmmi 
‘ 3 [etv™'P, -+e- tv7iP, +7 i(e phvrri —e-tv7')Q,]. 
= (6.22) 


This, on using (6.21) and its analogues, becomes 
)-+¢-*(Pyy—iPay) +i(1—e-”™*)(Qej—iQay)} 
Pig: Tew 


P,; are conjugate complex numbers; so also are P,,, 


iP, 


ly 


] 
-[(Py— 


Now P,,;, 
the numbers Q,;, Qo, are real. 
Adding our previous result to the conjugate expression for 


(J,,(X)+1¥,(X)}J,(x), we obtain 
2rJ,,(X)J,(x) = P,,(1+-e”"*) +-P,,(1-e-2") + 
+1P,,(e”™'—1)+iP,,(1 —e-2vmi) + 


+ Qo;(—2sin 2v7)+2Q>,(1—cos2vm). (6.23) 
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6.3. A suitable grouping of the terms of (6.23) simplifies that 
result considerably: 


47 
X + we2!? \ e+) 
2e"""P, ey | ev7i- wa esse J,+y(A) dé. 
0 


Put 26 = 7—4¢, and write w = ,/(X?+2?—2Xzcos¢). We get 


: = ne 5) Jarl 


— sya) dd. (6.31) 


7 
9 I a Vv 
renn, = f eof 
0 


Similarly, on using the substitution 20 = 7+4¢, 


: € id\ H(u+v) 
Qe-v7iP, . = fork ef y" J.+,(a) dd. (6.32) 


—xe'? 
Hence, 


P,(1-+e"")+ P,,(1-+-e-”*"*) 


4 [-_ id Hut+v 
os { et a) OT (eo) dp. (6.33) 


and P 


The terms in P. ies 


ly 


- id\ Mu+v) 
—sinve | ordi fz — 3) FY, ae(ew) dp. (6.34) 


of (6.23) combine in a similar fashion 
to give 


— 7 


Hence (6.23) may be written as 


QJ, (X)J,(c)  (X >2) (6.35) 


v 


wT oi ee —id Hu+v) 
a fens lt ) sil {cos vrJ, (w )- sin v7rY, .(o (a)} dd — 


X —xet? ar 


~ u\ Ku+r) 
--2sin vr [ e- ( aE o) F {cos v7J,, ,,(Q)—sin vr¥, ,,(Q)} du, 


X+2e-" ee 


« 


0 
where 


w = (X?+22—2Xzxcos¢), Q = ,/(X?+-22+2Xzcosh ux). 
We have proved the formula on the assumption that |R(u—v)| < 4; 


actually R(u—v) < $ is sufficient for the truth of the formula itself 
and is necessary for the convergence of the last integral. 
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6.4. Special forms; X > zx. 
If vy = n, an integer, (6.35) reduces to 
- r X —axe-# si 
(—) 'QarJ},(X)J,, (2) | ont(§ , ge — ei? Jin(w) dd. 


= 


_ If » = m, an integer, (6.35) reduces to 


X—-xe-i¢ saieat 
(—)m 2m XI (2) = { ot as) Smale) dp — 


— 


; r _vul X+xe% \te+ as 
—2sinva | ¢ (=) J_»—(Q) du. (6.42) 
0 


The result (6.41) is not new, being merely the integral form of Graf’s 
expansion* 

{ X—zsxe-‘¢ 
| X—zei? 


If we multiply this by exp(—n?¢) and integrate, we get 


J,(@) et LJ n+n(& (x)en*#. (6.43) 


lf X—xe-i#)# 
(—JurntXWnla) = 5 [ Iter) | emit ap, (6.44 


i 


which is a variant of (6.41). 


7. A formula derived by direct expansion 


1. The particular formula 
J,,(x)J, (2) = 24 fn +y( 20 COS 8)cos(—v)O do (7.11) 


is well known. It is given by Watson (loc. cit. 150) and is proved by 
a method which applies equally well to the expression of J,(X)J,(x) 
as an integral. 

7.2. Assume throughout that R(u+v) > —1. If R(p+q) > —1, 
thent 


1) _ on ; 
Mp+9+1) =f cos? +46 e(»—08 dQ, (7.21) 
M(ip+)Pq+)) — 
tor 
* Watson, loc. cit. 359; unless pw is an integer or zero it requires || < |X]. 
+ Watson, loc. cit. 150; or Whittaker and Watson, Modern Analysis, 263. 
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Now, by direct calculation, we have 


a - @ (—)r(4Xz)* +4 HK (—)*(darz)28+" 
J,(Xz)J,(a2) ps Wer 2. 


p+r+1) nt s!I\(v+s+1) 
Xa” > (- ee 220 I'\(m+p+v+1) 
Lam! D(m+p+rv+l) < ris! oh alli bo 2 (v+s+1)’ 


On using (7.21), this becomes 
tor 


r x 
Xa’ = __ 1)\mz2m+p+v * 
= > Teo 1) | cos™+#+¥9( X 2e8 + a%e-t9)meiiu—6 dp, 


7 m!D\(m+p+v+ 
m=v0 hor 
Hence 
J,(Xz\, (02) = =" =f eil-O(A,/AgyT, ,(ZAy Ag) dO, (7.22) 
where A, + /(e+e-%), A, = (X%e+a%e-)t. It will be seen that 


the determination of the two-valued function A, does not affect the 
value of the integrand. 

What relation (7.22) bears to the Graf integral (6.44) is by no 
means obvious at sight. We find what this relation is by considering 
the contour integral form of (7.22). 


7.3. An alternative form. Consider 
1 P 4 tan Mtv) . . 
prt Se X-+at)(X-+at—)} dt, (7.31) 


f 
[Xpattp “etl 


Qa, 
\=X/x 


where the argument of ¢ varies from —z to z, and the determination 
of the multiple-valued integrand is fixed by the hypothesis 
(X-+-at)! has the value +.,/(2X) when ¢ = X/z. 


On writing ¢ = (X/x)exp(270), (7.31) becomes 


br 
Xx ~ | 1 4. e2i8 A +v) . } | 
9—2 Oi T | - = ae 
m “7 | X24 a%e-208/ Ji. | vy (J +e*" (Xx + x2%e-2t )} dé. 
in 


where, at 6 = 0, (1+e?)! is v2. 

A slight change of form enables us to identify this with (7.22) when 
z = 1, and so (7.31) is an expression for J,(X)/J,(z). 

7.4. Its connexion with Graf’s integral. 

Suppose now that X >a. Take the circle t = (X/x)e"?, —7 << <7, 
and make a small indentation at t = —(X/2). 
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Consider the integral of (7.31) taken round a contour [' which 

(i) begins at ¢ = (6—X/a)e-™, 

(ii) ends at t = (6=—X/z)e”, 

(iii) follows the small indentation near the two end points and, for 
the rest, follows the circle |t) = X/zx. 

With our hypothesis, R(u+v) > —1, the limit of such an integral 
as 6 > 0 is the integral (7.31). By introducing the small indentation 
we have excluded the branch point at ¢ = —(X/2). 

Join the end points of [' to the point t = —1 by two parallel lines 
and draw the unit circle to complete a contour lying wholly within 
I. The integral round I is equal to the integrals along the parallel 
lines (each with its appropriate value of t-’-') together with the 
integral round the unit circle. 

On making 6 - 0 after this transformation has been effected, we 
obtain 

oe | . voil X+aelt ier | $ 
2r | |X +2xe-‘| aities 


7 


w,) dé — 


X/x 
sin v7 aie X—xp por, 
\X—(/p) “Ht! 


A)dp, (7.41) 


TT 
1 


where w, = .(X?+2?+2Xzxcos@), A = ,/{(X—axp)(X —2/p)}. 

When » is an integer the second integral does not appear. A little 
manipulation* enables one to identify the present result for v = n 
with the formula (6.41). 


8. A symmetrical formula for J,(X)J,(x) 


We conclude by stating the formula 
Fi (0+) ran “ 
ae _ e”’™" sin utr Po oe 2 he 
Qmrid (X)J(x) = — grt J, ,.(Z) dz 
(XI 2) = ee gr ee uae) de + 
1 


(0+-) 
e7* sin va x+Xz) ie) 
a g-n—af ZT Az T, .Z) de, 

| | a pty 
sin(u+v)z , \a+X/z) 
1 
where Z {X21924 Xa(z+z-1)} and has zero argument when 
vi 


1. 


* In (7.41), when 0<0<a7 put w—0=4¢4, when —7<9< 0 put 


~7—0 = ¢ 
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To prove this we start from* 


Tw+1)J,(Xz)J,(az) _ ~(—1)" Ete) oF(— —m, —m—p;v+1; a2/X?) 





(EXz(dazy P(m-+1)P (m+ p+1) 
and replace the hypergeometric function by what is in effect a Poch- 
hammer loop integral. 
The transformation, in the form we require, can be obtained with- 


out much difficulty by first considering the integral of 
2*-V(1+d2P-A+z74 (A <1) 
taken round the circle with centre at z = 0 and radius unity, starting 
from the point z = 1. With certain limitations on «, B, y we can 
transform the contour into the real axis from 1 to 0, 0 to —A, and 
back again, and obtain 
27 
if e2H(1-+re%)PAQA+ efiyyt dé 


0 
1 


= (e%(%+yri_]) ) | = (1+Ax)PA(A+a)r4 dx + 


+-ex7i(] —¢2y7) j x*-1(1—)x)P1(A—2x)y-1 de. 
0 


In this the last integral on the right-hand side is an integral expres- 
sion of D(a) 


Aaty-1 EY) Pa—B6, ase+-9;¥), 


D(a+y) 
and, if the first integral be replaced by a loop integral round the 
origin, the restrictions on a, 8, y may be removed. 

The symmetry of the formula when p, v and also X, 2 are inter- 
changed is more apparent than real. If X > 2 the point z = —2/X 
lies inside the unit circle; it is a branch point of the second integrand 
but not of the first. Hence, in such a case, the first integral is simply 
another way of writing an integral taken round the unit circle, while 
the second is essentially a loop integral whose loop must cross the 
real axis between the points 0 and —2/X. 


* Watson, loc. cit. 148 (2). 
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1. IN two recent papers in this Journal Titchmarsh* has given an 
account of van der Corput’s method in the analytic theory of numbers 
and, applying his simplified form of the method to the theory of the 
Riemann zeta-function, he proved that 


Kbit) = O(0'™). 

He also gave a short proof of the well-known theorem that 
f(o+it) = O(P'42-og t), 
where Q = 2¢-1, on each of the lines o = 1—(q+1)/(4Q—2), for 
q 2 = a theorem which, in a more general form, is due to 
van der Corput and Koksma.t 
Going back to van der Corput’s original method of exponent 

systems{ and using various simplifications of it, we are able to give 
the two new results 229 

£(4+it) = O(t') 


240Q0q—16Q +128) 
240Qq—15Q+ wi, 


, ( =a 
and C(o+it) O'\t 
where Q = 2%", on each of the lines o = 1—(q+1)/(4Q—2), for 
q 3, 452.5% 

1.1. In his explanation of the method Titchmarsh§ uses the sym- 
bols A and B to denote the two processes contained in it. It may 
be pointed out that, in this paper, the processes A, B, AA...(= A®%) 
and AA...B(= A%B) are represented by Theorems 1, 2, 3 and 4 


respectively. 
2. We begin with some lemmas. 
2.1. Lemma 1. Let f(x) be a real function and let H > 0. Then 
b—a b—a ‘= i 
> e27if(n) — — = Ol - ae => U, °4 O(f), ] 
lakes (a}+ a ee 
* Titchmarsh (1) and (2). See list of references at the end. 
+ See Titchmarsh (1), 161. t van der Corput (5). 
§ Titchmarsh (2), 313. 
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where U,, is such that 
| a e2riti(n+h)—-f(n)} | — UA 
a<n<b—-h 
forl<h<a—b. 

We may suppose a and 6 to be integers, since the right-hand side 
of (1) is unaltered if we replace a and b by the integers nearest to 
them. Also, we may suppose that 2 < H < b—a, for the first term 
on the right of (1) is O(b—a) if H < 2 and the third term on the 
right is O(b—a) if H > b—a, in both of which cases the theorem is 
obviously true. Finally we may suppose H to be an integer, since 
the right-hand side of (1) is unaltered if we replace H by the integer 
nearest to it. 

The lemma will now be proved if we show that 


H-1 
27ri f(n) b—a b—a 2rri{f(n+h)—f(n)} 2 
wim = al S| 5 emo 


ax<n<b 
: h=1 ax<n<b—h 


where a, b, and H are integers and 2 < H < b—a. This is proved 
by Titchmarsh* and we shall not reproduce the proof here. 


2.2. Lemma 2.+ If f(x) is real and has continuous first and second 
differential coefficients, and f"(x) > r (or < —r) throughout the interval 
(a,b), then fe "a| 

e27i f(n) = ol lf (6)—f @l\_.o6 3 p 
| vr | NT 

2.3. Lemna 3. Let f(x) bea real function with continuous differential 
coefficients of the first four orders, and f"(x) < 0 in the interval (a,b), 
and let 


ms < |f"(x)| < Ames, f"(x)| < Amsg, f"(x)| < Amg, 


where m2 = m,m,. Let f'(b) =a, f(a) =f, and n, be such that 
f'(n,) = va < v < B). Then 
, : e27itf(n )—vn, } 
e27i s(n) ‘ e-tri _ : + O(m>z')+- 
axn<b sae if (n,)|* 
a<v<p 
+ O[log{2+-(b—a)m,}|+-Of{(b—a)m}}. (1) 
This lemma differs from the corresponding one in Titchmarsht 
only in the final error term in (1). 


asnsb 


* Titchmarsh (1), Lemma 3. + Titchmarsh (1), Theorem 1. 
t Titchmarsh (2), Theorem 4. 




















ON THE ZETA-FUNCTION OF RIEMANN 211 


ixactly as in his proof we can show that 
b 
> em— F e2ri(Kz)-vz} dx + O(m,*)+ Oflog(B—a-+ 2)}, 
a<n<b at+l<y: B-1 74 
a (2) 
and we shall therefore start from this result. 
The sum on the right-hand side of (2) is empty unless B—a > 2, 
so that we now suppose that this condition is satisfied. We write 
n,—8 mtd b 


b 
[ e2rier—va) dy — [ - | + | = J+54+-4, 
a a n—5 n,+8 
Then b 
r de2titi(x)—-vz} 
J; — Darah f! 
J 2ni{f’(x)—v} 
nyt 


2 ol mT = “ls Fm, Te) tT Lm 


and a similar result holds for J,. Also 


5 
F i led [ e2ritiin,+0-vn, —vb} dt 
aa 
é 
— | ¢e2riff(n,)—vn, 07" (n, )+409'"(n. +t f'n, +00} dt 
a 
$ 
_— e27itf(n,)—vn,} | emf (n, tamil Pn] + O(#m,)} dt 
ad 
e2r7itf(n,)—vn, } | e7mili'(n )+4ri#7'"(n,) dt + O(8>m,). 
BA 
Putting 4if”(n,) = A, we have 
8 8 2. ()i3)2 
ett? f'(n,)+47it f'"(n,) dt — 2 [ enrrinal a+ bS st dt, 
—- 0 r=1 : 


and, since f’(n,) < 0, this equals 
78*if"(n, )I nd*if"(n,)| 
A 


1 e-iu - 1 : 
_du + serene apet eae as = e—tuysr—4 dy. 
F’"(n,)))! | — 2 (2r)! (aif"(m,)/)" } 
“i 0 


0 


(77 |, 


The first term of this equals 


e-tnt ] e-iu e-izi l 
a ~__ dy = — +-G ; 
f'(n,)|! — (a\f"(n,)|)! vu ia Fee (im) 


n&I7"(n,)| 
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The other terms are 


= dr ° 


2% 2r)! (| f"(n, yprlO Fem) 


1 )\) 


= Ls 2. ri” ]] 


=a Ps 45*mz 
=o | 


Altogether we have 


b 
| e27itf(x)—-vz} dy - 


© ats (f"(n, )—vn, }—}rt 


1 rs 
-, t 55 | Of —__ e48°ms)_ 
Ter! (im) + mer (5 ‘ ) 


Ms 
The first two O-terms are of the same order if 8 = (m,m,)~* = m;?; 
and then the third O-term is also of this order. If this value of 6 is 


such that a<n,—8, n,+8 <b, (3) 


we obtain 


a 


t > 
4 e27itf(n )—vn, }—} vi 


r p2rrit{f(x)—vx} i poe “3° 4 —] 
| é da THOM +O(mi mz"). 


If (3) is satisfied for all values of v such that «+1 < v< B—1, we 
obtain, on summing with respect to v, 


a 


b 
¥ | e2ri(K(x)-v2} dx 
x+1<y B Ips 
e27itf(n, )—vn, } 
. g-ini tos = —1yy td 
- g-ini Fn.) + Of(B—a)my*mi}. (4) 
xti<y<f-1 ” . 
The limits of the sum on the right may be replaced by (a,8) with 
error O(m,*) and 
B—a = f'(a)—f'(b) = O{(b—a)m,}, 
so that the last term in (4) is O{(b—a)m}}. The lemma then follows 
from (2). 
Suppose next that there are values of v for which n,+6 > 6. The 
argument proceeds as before except that we now obtain a term 
b—ny 
| emit f'n )+hrrilf’"(n ) dt 
—3 
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instead of the corresponding integral over (—5,5). We therefore 
have to consider an additional error 


5 
emit f'(n )44riff’’"(n,) dt 


b—n» 


ey emiti'(n.) dt ob 3 f evil f'n, gsr dt 


b 
ig b—ny 


= Ofm; (>—n,) +0 om 


= Ofmz'(b—n,)}+ O(mimz"). 
If y(x) is the inverse function of f’(x), so that 
Iv" (w)| = f(a) > mz, 
then b—n, = #(a)—yp(v) = (a—v) yp’ ae > (v—a)/m,. Hence the sum 
of these terms is 
o ~ —~) +18 —a)mins3} 
x+1<v<B-1 ee 
= Oflog(B—.a)}+ Of{(B—a)mimz} 
= Oflog 2 +(b—a)m,}+ Of(b—a)m}}, 
and the lemma again follows. A similar argument disposes of the 
case n,—8 <a 
2.4. Lemma 4.* Let r be an integer > 5, 0<a<b, f(x) a real 
function with oom coefficients of the first r orders, and f"(x) < 0 
in (a,b); « = f’(b), B = f'(a), and n, such that f'(n,) = v(a < v < B). 
Put o(v) = —f(n,)+vn, and let 0<y<}, s=Il1fo>0, y>0, 
n= y". 
Then there is a positive number c < 4, depending only on r, y, and 
s such that if 
f*(n)—(—1)?ys(s+1)...(s-+-p—1)n*- | 
< cys(s+1)...(s+-p—1)n* FT 
for all n in (a,b) and all integral p > 0 and < r—1, then ¢(v) has 
differential coefficients of the first r orders and 
i$?M(v) —(—1)?o(o + 1)...(o+- p—1)v-??| 
< yno(o+1)...(o+p—1)jv-°-” 
fora<v<Band0O<pcr—l. 


* van der Corput (5), Lemma 7, 56-8, where a proof is given. 
+ The expression s(s+1)...(s-++-p—1) denotes 1 when p = 0. 
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3. Derinition.* We shall say that the pair of absolute constants 
(k, l) ts an exponent pair if 
O0<k<h, }4<I<1 
and, to every positive number s, there exist two numbers r and c depending 
only on s (r an integer > 5, 0 < ¢ < 4) such that the inequality 


> eis — O(zka’) (1) 


agncb 

holds with respect to s and u when the following conditions are satisfied: 

u> 0, l<a<b<m, y > 0, c= ge >t; 
f(n) a real function with differential coefficients of the first r orders in 
(a,b) and 

| fP*)(n)—(—1)Pys(s+1)...(s-+-p—1)n- 

< cys(s+1)...(s+p—l1)n-*-? (3) 
forax<n<b0<p<r-l. 
It follows immediately that (0,1) is an exponent pair since 


= oo < b—a < au = u2%a 
which is (1) with k = 0,1 = 1. 

The connexion of the theory of exponent pairs with the problem 
of the order of the zeta-function will be seen in Theorems 5 and 6. 


3.1. THEOREM 1.* Jf («,A) is an exponent pair, then so is (k,l), 
where a ee d 
2(1+«)’ 2" 2(1+«) 
We notice firstly that the inequalities 
0<k<}, -<l<l 
follow from 0<K«< }, LAK]. 
We must show that to every positive number s we can find numbers 
r and c depending only on s (r an integer > 5, 0 < ¢ < 3) such that 
the inequality YT eri ho) — O(zkal) (1) 
axn<b 
holds with respect to s and w when the following conditions are 
satisfied : 
u> 0, l<a<b<am, y > 0, z= ge" > 1. 2) 


* Cf. van der Corput (5). 
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f(n) is a real function with differential coefficients of the first r orders 
in (a,b) and 
| fP*P(n)—(—1)?ys(s+1)...(s+-p—1)n*| 
< cys(s+-1)...(s+p—l1)n--” (3) 
forra<n<b0<p<r-l. 

We therefore suppose (2) and (3) to be true for values of r and c 
which we shall find in the course of the proof and we show that 
(1) then follows. Without loss of generality we can suppose b—a > 1, 
since otherwise the sum in (1) is O(1). Let o = s4+-1,7= u. 

Since («,A) is an exponent pair, there are two numbers p and y 
(p an integer > 5, 0 < y < 4) depending only on o, and therefore 
only on s, such that the inequality 

Yer He) — O(L«od) (4) 
x<v<p 
holds with respect to o and 7 (that is, with respect to s and ~), when 
the following conditions are satisfied: 


l<a< B< ar, n > 0, C= na"? > 1; (5) 
d(v) a real function with differential coefficients of the first p orders 
in (a, 8) and 
|p? +Y(v)—(—1)?no(o+1)...(o+p—1)v°-? | 


< yno(o+1)...(c+p—l1)jv° (6) 


fora<v<Bp,0<p<p-—l. 

We now choose r = p+2 and apply Lemma 1 to the sum in (1). 
Since f(n) has differential coefficients of the first p+-2 orders, so also 
has A,(v) = f(v+h)—f(v) in the interval (a,,8,), where a, = a, 
B, = b—h. h 

We have A,r) = | f’v+a) de, 

0 


hence AjP+)(v) = {posm%o4-2) dx 
fora, <v<p,9<p< +t iil. using (3), we have 
Ap) = (—IPyelo$1)..(6+p) | (-+%e)0-2)--P4 de, (7) 
0 
where |0,| < 1. We now choose c (0 < ¢ < 4) depending only on s, 
so that for all p (0 < p < p—1) and all 6, and 6, (|@,| < 1, |@| < 1) 


we have (1+6,c)(1+6,c)-*-P-2 = 14+6,y (|03| < 1). 
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In our use of Lemma 1 we shall suppose H < ac. We then have 
0<a<h< H <ac < we, so that the integrand in (7) 
(1+0,c)(v+-a)*? 
= (14+8,0)(1+0,¢)-*-?-ytP 4 
= (l+iyp?*. 
Hence from (7) we have (|@,| < 1 
—Ap+M(v) = (—1)?(1+ 64 y)ys(s-+1)...(8-+-p)hv--P4 
fora,<v<p,,9< p<p-—l. 
If we now put —A,(v) = ¢,(v) and ysh = », we obtain 
$y Mv) = (—1P +847), o(0+1)...(o+-p—1py-r, (8) 
so that ¢,(v) satisfies the conditions (6), with » = ny, = ysh, 
“a= wy =, B = B, = b—h. 
Now, by Lemma 1, we have 


e= \ 
> eri fn) — OF a l(F x | +0(H), (9) 


agn<b 


. 
, 


h: 





where |= | = e2ri fe < 


Op * - By 
We put ¢, = 7,0," = ysha-*-! = zsha- and we divide the sum on 
the right of (9) into two parts according as h < a/sz or h > a/sz. 
In the first case {, < 1 and from (8) we have 
a ee 3 ae ‘ 
0< dmv? < balv) < mv? < 3G, < 2 
—¢y, (v) a n,v~° . = Am, Xp os — Azha~* 
(a, < = < By): 

Hence, applying Lemma 2, we have 


> = Of(zha-*)-4} = O(z-tah-*) 


, >|=  Ofz-ta a(2} . (10) 


In the second case {,, > 1, and then the conditions (5) are satisfied 
with a = a,, B = By, » = n, and € = ¢,. We have already proved 
that ¢,(v) satisfies (6), therefore (4) follows and we have 


» O( CK a) = O(z*h*ar-*), 


h 


and 





1< p a/sz 


< 


Hence | |< 
ajse<h<H-1' h 1<hsSH-1 





>| = OfzKa\-"H*+}}, (11) 
h 
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Adding (10) and (11) and substituting in (9), we obtain 
' a a {a\} 
e2zi fn) — CO O bast Of2)*qittA-~) HIM + O(F). 
(J)+ (ales }+ rt) 
This has been proved under the supposition H < ac, but it remains 
true if H > ac, since then the modulus of the sum on the left does 
not exceed b < wa < uH/c = O(#). 
We now suppose a < 2z?; then the second term on the right is less 
than the first and may be omitted. If H = (a’~+*z-*)¥@+»), the third 
term is of the same order as the first and we obtain for this value of H 


asncb 


1,1 A 


13 1k "ea A Waa 
> e27t fn) — Oa? 21+Kg21+K +0\a l+Ky re), (12) 


axn<b 


But since 0 < k 


ior 


so that the second term on the right of (12) is less than the first and 
we have se 141 A 1k ; 
e27t fin) — Oa 21 tag2ite| _— O(z*a’). 


agngb 


This completes the proof of (1) for the case a < z*. But it also 
holds for a > z?; for we have, by (3), 


0 < hyn < f'(n) < 2yn-* < 2z 
—f"(n) > 4ysn-*-1 > Aza-} 
(a<nwZb) 
and, applying Lemma 2, we obtain 


D3 e277 f(n) — {z(za-1)-4} 


agn<b 


since a > 2?, 


since A > 3, 


This completes the theorem. 
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3.2. THEOREM 2.* If («,A) is an exponent pair, then so is (k,l), 
where k = A—4, 1 = x+4, provided that 2k+1 > 1. 

We notice firstly that the inequalities 


0<k <i}, <1 eg 
follow from 0<K« Sh, <A> 


We must show that, to every oudinte number s, we can find 
numbers r and ¢ (r an integer > 5, 0 < ¢ < 4) which depend only 
on s, such that the inequality 

> eri) — (eka) (1) 


asn<b 

holds with respect to s and u when the following conditions are 
satisfied: 

u> 0, l<@e< 6 < an, y > 0, z= g¢5°*>1; @) 
f(n) is a real function with differential coefficients of the first 7 orders 
in (a,b) and 

f+ (n)—(—1)Pys(s-+1)...(8-+-p— n+ | 

< cys(s+1)...(s+p—l1)n*-? (3) 

fora<n<b0<p<r-l. 

We he. suppose (2) and (3) to be true for values of r and c 
which we shall find in the course of the proof, and we show that 
(1) then follows. 

Without loss of generality we can suppose b > 2", since otherwise 
the left-hand side of (1) does not exceed b which is less than 2"*z*a’. 

From (3) we have 

dyn-* < f'(n) < 2yn-8 (4) 
gysn-8-1 < —f"(n) < 2ysn-s-4 .’ 
so that f’(n) < 0, hence 0 < f’(b) < f’(a). 
We put f’(b) = a, f'(a) = B, 1/s = 0, y? = n, C = nam’, r = 4u'. 
Then from (4) we have 
gyb-§ << a < 2yb-, 
4z = fya* < B < 22. 
Hence « = O(2), 2-7 <b < 2%, so that 1 < {= O(a), (5) 
2ya-* 
dyb-8 
The number n, is uniquely determined in (a <v < f) by the 


and B < 44° =f, so that 0<a< B < ar. 
a 


* Cf. van der Corput (5). 
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relations f’(n,) = v, a <n, <b. We put d(v) = —f(n,)+m, in the 
interval (a, B). 

We next suppose « > 1. Then 
o>0, r>0, laa<Bca, 97>0, (=m">Sk 6) 
Since (x,A) is an exponent pair, and since the conditions (6) are 
already satisfied, there are two numbers p and y (p an integer > 5, 
0 < y < 4) depending only on o and therefore only on s, such that if 


i$?*9(v)—(—1)go(o-+1)...(0-+-p—1v--? | 
< yno(o+1)...(o+p—l1)y-"-? (7) 
(«<v<fB,0<p<p-—l}), 
then, for every pair of numbers ag, By (a < ay < By < f), the in- 


equality is = 
pe Pig $0) — O(f* cc) (8) 

holds with respect to o and 7, that is, with respect to s and w. 

The inequality (8) also holds in the case « < 1; for then either the 
sum is empty or ar > 8 >f, >1 and the modulus of the sum 

B<ar<r< tfK, 

We now choose r equal top. By Lemma 4, we can choose c depend- 
ing only on r, y, and s, that is, only on s, such that (7), and therefore 
(8), follow from (3). Hence, by (5), we have 


> e2ziti(n,)—vn,} — O(c) 
M<V< Po 
sez O(za*). (8’) 
From (3) we have f”(n) > 0, so that f’(m) is a monotonic function 
of n. Also 
dv adf'(n,) ‘ 
= — v= n <= 0, 
dn, dn, P(n,) 


so that n, is a monotonic function of v. Hence | f”(n,,)|-* is a monotonic 
function of v and, by (4), it is O(z-4a'). Therefore, by partial summa- 
tion, we obtain from this and (8’) 


e2zitf(n, )—vn,} 


If'(n,)/4 


I 


O(z\-ta*+4) 
a<v<p 

= O(za’). (9) 

From (3) again we have (@<n<b) Aza < |f"(n)| < Aza”, 
f"(n)| < Aza, |f™(n)| < Aza; f(x) exists, so that f(z), 
f’ (x), ete., are continuous; also f’(z) < 0. Hence the conditions of 
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Lemma 3 are satisfied with m, = za-!, m, = za~*, and applying it 
we obtain 
i. , e27itf(n, )—vn,} 
S etritiny = eet + O(e-ta?) + 
ota usite if’ (n,)|* 
+ O[log(2+-z)]+ O(zta*) 
= O(zka') + O(z!a') (10) 

by (9), the logarithmic term being less than the second on the right 
and the term O(z-'a!) being less than the first since / > $. 

If now k > }, the second term on the right of (10) is less than the 
first and the theorem follows. If k < 4, we distinguish two cases 

1—3k 
according as a > or < z%—!, 
1—3k 
1. Leta >2z*-!. Then 
ziat — zkabzi-* 
3l—1, 1—38k 
< zkat(ai—sk) 3 
a kal, 


and again the second term on the right of (10) is less than the first. 
1—3k 
2. Leta <z*-!, Then 
> eri) — O(b—a) 


axn<b 
= O(a) 
= O(a'a'—) 
1—3k 1-1 
ere | 
nv O\a'(2* ) 
=: O(z*a’) 
since, from the hypothesis 2k-+-1 > 1, we have 
1—3k l—k 
1—l) x 2k = k. 
31") S 99g 


This completes the theorem. 
3.3. THEOREM 3. If («,A) is an exponent pair, then so is (k,,1,), 
where ‘- m a =o 
4 Q+2(Q—1)k’ , Q+2(Q—1)« 
and q is an integer > 1, Q = 22. 
In the case g = 1 the theorem reduces to Theorem 1. We prove 
the general case by Induction. We suppose the theorem true for 
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a particular value of q, that is, we suppose that (k, 
pair. Then, by Theorem 1, so is the pair 


kL , i-th, 
2+2k, 242k, 


_ QH(2Q—2)x—Q41—A—(2Q—g— ase 
2Q+2(2Q—1)x 


/,) is an exponent 





y— AAT Gtk 
+2(2Q—1)K’ 2Q—2(2Q—1)« 
(kos 1,41). 
Thus the theorem follows by induction. 
3.4. THrorem 4. If («,A) is an exponent pair, then so is (k,l), where 
k= 4-— Eaiess 3 : Pa Sen. Sern 
~ Q+2(Q—1)« © QO+2(Q—1)x 
and q is an integer > 1, Q = 24. 
By Theorem 3 


(a-x0=ne 980-1) 


is an exponent pair. Hence, by Theorem 2 


aT 


(1- 1—A+-q« 4 K ) 
 Q+2(Q—I)k’ * © Q4+2(Q—I)x}’ 


i.e. (k,1) is an exponent pair, provided that 
2k+1 > 1. 
This condition is equivalent to 
ail 1—A+ i +4 1 
Q+2(Q— + orKe= -1)« 
i.e. se asta ae +2(Q—I)k, 
and this is true because 


9 


2(Q—1)k > 2(2qg—1)k, since x > 0, 
and Q > 2 > 4(1—A), since A > 3. 
Therefore the condition is satisfied for all values of g and the theorem 
is completed. 
4. THEOREM 5. 229 
C(4+it) = O(t}8*). 
We begin by proving that 
C(4+it) = O(+*-), 
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where (k,/) is any exponent pair such that 1—k > 4. We have* 


£($+-7t) = > ntti y 2 n-*-t+ O(t-), 


n<~(t/27) n<~(t/27) 


223 


te 





where x = O(1). 

The inequality (1) will follow from this if we can prove that 

n- ttt — O(iG+k-D), (2) 
n<~(t/27) 
Now the function f(n) = (t/27)logn satisfies the condition (3) in the 
definition of an exponent pair in § 3, if we take y = t/27, s = 1, 
u=2, c=}, and r= 5. And if further 1<a<b< 2a and 
z = t/2ma the conditions (2) are satisfied. Therefor e, since (k,/) is an 
exponent pair, we have 
> e27il/2m)log n ot O(za’'), 
asn<b 
i.e. > nt = Of(t/a)*a} = O(t*a'-*) 
asn<b 
for 1 <a<b< 2a <t/z. Hence by partial summation we have 
n+ — O(tka!-*-4). 
acgncb 

If ¢ is large enough to ensure that 1 < ,/(t/27) < t/7, we can apply 
this with a = 1,6 = l;a = 2, b = 3;...a = 2", b = 2™+1_],...; the 
last value of b being [,/(t/2:)]; and then adding we have, since 
I—k—}4 >0, 
S  n-teit — Ofstl-e-} — Ofslere-y, 


n<~(t/ 27) 
which proves (2), and therefore (1). 
Now in § 3 we showed that (0,1) is an exponent pair. Hence, by 
Theorem 2, so is (3,4). Applying Theorem 4 with gq = 2 we see that 
(i 1—}+2. 2 oo 


> 


2 446.1 446.1 sy) 
i.e. (3, $), is an exponent pair. Applying Theorem 4 with q = 2 to 
this last pair we see that 


i.e. (13, 22), is an exponent pair. _— applying Theorem 4 with q = 3 
we see that 
. (i—" —a+3.) “40 1 + ri ) 


2 


= 8+14,13 ’ 8414.8 


* See Titchmarsh (3), 32-4. 
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i.e. (2%, 32), is an exponent pair. Finally applying Theorem 1 to this 
last pair we see that 


oF ae 
Git py | FSS nm) 


i.e. (2%, #89), is an exponent pair. Since 09 >}, we can use this 


696° 696 2 


pair in (1), and we obtain 
229 
C(§+it) = O(118%). 
This completes the theorem. 


THEOREM 6. 


1 “(rok 16R+ jas} 
240Rr—15R4 a 
>] 


{(o+it) = oft" 
r+1 
4R—2’ 
We start from the approximate functional equation* 


U(o+it) = F ne-H+ Oe") (> 1). (1) 


As in the proof of re 5 we have, for any exponent pair (k,l), 
> n-#= Oa")  (l<a<b < 2 <t/z). (2) 


asn<b 


where R = 2°-1 on each of the lines o = 1— (= 34,5. 


We now choose a set (k,,/,) of exponent pairs as follows: Applying 
Theorem 4 with gq = 4 to the pair (3,3) we obtain the pair (33, }$). 
Then applying Theorem 4 with g = 1 to this we obtain the pair 


(18,82). Finally, applying Theorem 3, we obtain the set of pairs 


oh 16 _ 16¢g+31 sal 
(Fay la) = (0g mae" : ery (F= ae 


If we put x, = 1,—k, and o, = 1— | Maka then for every g > 2 we 


4Q—2’ 


have x, > 0, >,_,. Using (k,,/,) in (2) we have, by partial sum- 


mation, > n-%-it ae O(t*ea*«-°2), (3) 
asncb 
and using (k,_;,,-,) similarly we have 
y n-%-t —- O(t#a~%-*e-v)) (4) 
asn<b 
forl<a<b< 2 < t/a. 
We divide the sum on the right-hand side of (1) into two parts 


See, for example, Titchmarsh (3), Theorem 19. We have taken x = t/z, 
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according as n < torn >t (0 <A < 1). For the first part we use 
(3) and for the second part we use (4). We thus have 


‘+. 2 2s +... 


n<t* 3t\<n<t\ 3t<n<3t) 
= Of thet Mre-ovf(})ee—%0 + (f)*e- 8+. }] 


= OfthetMer-oy}, since x,—o, > 0. 


> avet#= F + D> +... 


t\<n<t/a t\<n<2t’ 2t<n<at' 
= O[ te-1—Moa—®e-af ] + 200—Fa-1) 4. 4A Fa-1) + |] 
== Of the-1-Moa—te-0], since Og—%q-1 > 0. 
The right-hand sides of (5) and (6) are of the same order if 
k,+A(%q—) — kq-1—A(Gq—%y-1), 
k 


i.e. if A= —r! 
L—g—Bq-s 


—k, 


It is easily seen on substitution for k,, etc., that this value of d lies 


between 0 and 1. Hence, putting it in (5) and (6) and adding, we have 
> 2-r-# — Of], (7) 
n<t/r 
where Pg = Kig(Gq—%q-1) + hqa(%q—%)_ 
r Lg—Lq-1 


Putting in the values of k,, x,, o,, etc., we obtain 
1 (240Qq-+224Q+ 128) 
Ma ~~ 4Q—2\240Qq-+225Q-+ 128)" 
We have proved this for each q > 2. If we put g = r—1, R = 2"-1 
r+l1 
R32 and yp, becomes 
1 (240Rr—16R+128) 
Mr-l ~ 4R—2\240Rr—15R+ 128)" 


Putting these in (7) and substituting in (1) we prove the theorem. 


CG, 


= Q, a, becomes 1— 


4.2. Note to Theorems 5 and 6. The results given in these two 
theorems are not the best that can be obtained. It seems very 
probable that no exponent pair arrived at by a finite number of 
applications of Theorems 1, 2, 3, and 4 will give a result which cannot 
be improved by further applications of the theorems. But the 
improvements are always extremely small while the results become 
very unwieldy. Unfortunately there appears to be no way of finding 
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the limit (we have found the exponent pair giving the best result 
after twelve applications of Theorem 4 and failed to disclose any 
recurrence in the values of g used in that theorem). We therefore 
content ourselves with giving results which are new and yet are not 
ridiculously clumsy. 
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CONVEX REGIONS IN THE GEOMETRY 
OF PATHS—ADDENDUM 


By J. H. C. WHITEHEAD (Ozford) 
[Received 6 May 1933] 


1. In an affine space of paths there are, according to the paper 
referred to in the title,* ovaloid hypersurfaces. Any two points inside 
one of these can be joined by one, and only one, segment of a path 
which does not meet the boundary. In a footnote to p. 34 I stated 
that the proof applies only to paths defined by an affine connexion 
whose components are functions of position, as distinct from paths 
given by equations of the form 

d?xt |. dx 

=— 2, —I, 13 

ds* ( zi) at 
the functions H‘(x,€) being homogeneous of the second degree in €. 
This was an oversight, for by trivial modifications the theorem can 
be extended to paths given by equations of the form (1.1) with com- | 
paratively mild conditions imposed upon the functions H. 

The main point of this generalization is that it covers the case of 
extremals obtained by varying an integral of the form 
t 
J =| F(x, #) dt, (1.2) 
to 
where F(x, ) is positively homogeneous of the first degree in €, and 
Fag AO for 2X F pé. 
2. Assume H’‘ to be continuous for 
<2, <A 
and to satisfy a Lipschitz condition 
|\H*(2,, £,)—H (ao, £o)| < Aa > |] —a|-++-AB > |é{—&|. 

Then as far as the second and third sections of C.R. are concerned 
one or two minor changes of notation are sufficient for our purpose. 
It only remains to construct a hypersurface V(x) = 0, such that 
= eV 

V(z,é) = — 
(7,6) dxl dak 





ger ST ae, €) (2.1) 


* Quart. J. of Math. (Oxford), 3 (1932), 33-42; referred to as C.R. 
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is positive at each point of (2.1) and for all non-zero vectors £. The 
hypersurfaces Vic) = 2et—19 = 0 (2.2) 


satisfy this condition for all values of r less than some positive ro. 
For there is a constant K such that 

K > |H*(0, é)| 
if €'€' = 1. Hence there is a positive 7, such that 

K > |H"(x,é)| 
provided €‘€' = 1 and 2‘x' < r3. Evaluating (2.1) with V given by 
(2.2) and r < 19, we have 

V (a, €) = 2€'€'+ 2xtH'(a, €). 
But, for € + 0, 
latH"(a,&)| << > lat | KES? < nKrgrg, 
and so the hypersurface (2.2) satisfies the required conditions if 
r< 1/nkK, 
The remarks about Riemannian geometry on the last page of C.R. 


can be extended at once to spaces in which there is an integral of 
the form (1.2), or, in other words, a positive Finsler metric 

ds* = g,,(x,dx) dx‘dz’, 
where Ii; = a7 - . 

7 20 dat a dai 
An existence proof for normal coordinates is to be found in § 9 of an 
article by O. Veblen and the present author.* Though it is tacitly 
assumed in this proof that the components I‘ are functions of posi- 
tion, the argument applies just as well to paths defined by equations 
of the form (1.1). There is also a discussion of normal coordinates 
determined by an analytic field of extremals, in an article by 
E. Noether.t Generally speaking, if the functions H are of class k in 
x and &, the transformation to normal coordinates is of the same 
class, except possibly at the origin, where the second derivatives will 
be discontinuous unless 
«1 (a, €) 
ee 2 abiag* - 

are independent of €. 


* Proceedings of the Nat. Academy of Sciences, 17 (1931), 551. 
+ Géttinger Nachrichten, 25 (1918), 37. 














THE REPRESENTATION OF A NUMBER AS A SUM 
OF FIVE OR MORE SQUARES (II) 
By E. MAITLAND WRIGHT (Ozford) 
[Received 22 April 1933] 

1. In this paper we improve certain results obtained in the former 
paper of the same title.* In fact, when s = 5, 6, or 7, we replace 
the previous value of a by a larger number and show that all our 
theorems are still true. The most noticeable improvement is in the 
case of five squares, where a = ;j is replaced by «a = }. Whens > 8, 
the new method does not give any improvement. 

We shall assume that the reader is familiar with the former paper. 


The notation is the same except that we now take s = 5, 6, or 7 
and write ed 1 
- 0< B <a C - 
4(s—3) 2(s—3) 
As before y = $s—1—(s—1)8, 5 = a—f. ’ 


We now take « any positive number such that 4se < 6. The lemmas 
are numbered consecutively with those of the former paper; this 
enables us to quote our previous lemmas by number only. Lemmas 
1-13 were proved under the hypothesis that 
<8 < i, « > 0, 
and so remain true under the new conditions. 
2. Lemmas 18, 19, and 20 contain the newt idea which leads to 
the improvement. 
Lemma 18. Jf x lies onan arc M for which q > n§, and if 0 < B < «, 
then f(a)! < On'-B-ib+2€, 
If x lies on M’, that is, if 
yl < q-in-t0-P, 
we have, by Lemmas 10 and 11, 
fi(x)| < fix) — th, (2) | 5 Ib ,(%) 
< C(gite+qiten!-Bly|+ni-Pg-) 
< COné(qi-+-ni1-Pig-t + ni-Bg-). 
* Quart. J. of Math. (Oxford), 4 (1933), 37-51. 
+ That is, new as applied to this problem. The method is one used by 


Hardy and Littlewood in their work on Waring’s problem for cubes and higher 
powers, but does not seem to have found any application in the case of squares. 
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If x lies on M’, that is, if 
y| > q-in-54-P), 
we have, by Lemma 13, 
filx)| < Cn<(q\y|)-*-* < Cn%+0-Bg-4, 

In connexion with the arcs with which we are here concerned, we 

have né < q < n#@-*), and so 
gt < ni@-Big-t < nit—-B-a, nt-Bg-t < ni-B-%, 
Hence, on such an are IM, 
fi(x)| < Cn®(nt0-P-Al 1 nt-B-2), 

Now $B < a = — = }-} 
and so nii—-B)-al — ni—B-¥e 


ay 


The lemma follows at once. 
Lemma 19. Jf 0 < B < 3, we have 
| Sifefsfa| \da| << Cn'-*B+«, 
x 
We have f(x) f(x) = ie a R(j)2’, 
J=NitNy 


where R(j) is the number of solutions of the equation 
m?+-m; = j 
such that ; 
m, > 0, Mm, > 0, Be. te m: < N;, N; < m3 < N;. 
Then it is known* that 
R(j) < Cyt < Cnt. 


Also 

NitN; z . 

“S" RG) =f) fll) < C(N}—NP)(NI—NA) < Cn, 

j=N,+N, Bae A NitN? aes : ‘ 
Hence, Sife|* \dx 2a 2 ROP < Cn1-*B+«, 

R ere ae 
Similarly, ( Saf4\? \dx| = Cn3-*8+<, 
x 

and so 


(| Sibetshs idx|) . | fife!” \de| | \fsfal? |dz| < Cn2-48+2€, 


x 


* Landau, Vorlesungen iiber Zahlentheorie, i, Satz 262. 
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Lemma 20. If s > 5 and 0 < B < a, we have 


I= = J ITI fi| |\dx| < Cnr-®, 


— gSné 
By Lemmas 18 and 19, 
I, < Ogee | \Aifefsfa| \dx 


=<— Ons—44-B-40-+1-28 +28, 
Now 
(s—4)(}3—B—}L)-+1—28 = }s—1—(e—1)B—H(s—4) +8 
; : ; = yet yee, 
Since 2se < 46, the lemma is proved. 

3. Lemmas 21-4 correspond to Lemmas 14-17 of the former 
paper. We write >’ to denote summation over those arcs for which 
qs n'. 

Lemma 21. If s = 5, 6, or 7,0 < B < a, and 
— nb = | >” qs, E; ni(s—3)—B(s—2) by q-*¢-®), 

M” 


ae | 
me 


, 1(s—2\1~— O ees, Ad s—4)—3(s— , = 
E: = (1 iS q 4(s+4) E; — pils—4)—i wp > gis 4) 


we’ m’ 
then E; < Cnv-® (¢ = 1, 2,3, 4). 
Since gq < né < n'@-*), we have 
gis +1) < nits+a—f). 
nB-lgis a nis 2X1—B)g—is+4), 


Hence, every term of FH; is less than or equal to the corresponding 


term of £3, and so 
-.citeaiaanli Ey < Ej. 
If w is any real number greater than —2, depending only on s and 
B, then os eee 
) = w+l1 “ Ons), 
2 f Px 
Hence, Y qt) < SY’ g < Cn. 
wm’ m’ 
Then Ei, = nv-4+B S’ g-¥e-2) < Cny-t+B+il < Cny-, 
W 
since B+436—4 < a+3f—} = —} < —a < —S. 
Also, E; < Cnie’-20 ~B)+ $f(8—s)_ 


’ s—4)—3(s—1)B+4C(s+8 
E; <i Cnis-4)-i 1)B+40(s+8), 
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Then it only remains to show that 
$(8—2)(1—B)+$0(8—8) < y—8, 
$(s—4)—§(s—1)B+3h(s+8) < y—S. 


Putting 5 = a—f and rearranging, we see that these reduce to 


both of which are clearly satisfied. Lemma 21 is therefore true. 
We write 


T= & J | S@)TI vps) lez 
Is = & | TD Fo) laa, 


m mM” 


I= | | ¥ps(e)| ide 


Lemma 22. If s = 5, 6, or 7, and 0 < B < a, then 
I < Cn*(Ei+ E+ E;) < Cny-®, 
I, < OnE, < Cny-*, 
I, < Cn*E', < Cny-®, 
This lemma may be proved in the same way as Lemmas 15, 16 


and 17. 


4. THEorEM 1a. Jf s = 5, 6, or 7, and if 0 < B < aq, then 


r(n) = TTA Wy S(n)n’+ O(n?-), 
where c = c(s,B) > 9. 


a 


As in the proof of Theorem 1, we may show that the coefficient 


of x” in s y TI bpa()} 


ant p 
is p(n)S(n, n’). 
Then 


r(n)—p(n)S(n, n) 


“ ,& TD dpe) | = 


qans 
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] 


“LS fam far 
M’ sp 


- ane 
m~ mM 


-> { a0 4+ > fan). 
- q>ns 3 


Hence, by Lemmas 20 and 22, 


(i+E+h+1,) < Cnr®, 


1 
Qa 


\r(n)—p(n)S(n, n§)| < 


od 


By the method of Lemma 7 we can show that 
|S(n)—S(n, né)| < Cn-*. 
The rest of the proof is the same as that of Theorem 1. 
Theorems 24 and 34, corresponding to Theorems 2 and 3, follow 
as before. 
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Introduction 

We have recently given proofs of two theorems which embody the 
facts known about the possible dispositions of the derivates of 
measurable functions.t Our work originated in the study of a memoir 
of Besicovitch’s and we mentioned that a discussion on similar lines 
to his had been given by Saks.t The theorems of our paper went 
further than those of Saks in that they gave information about the 
approximate derivates as well as about the derivates of a measurable 
function. In another respect, however, Saks’s results had an ad- 
vantage over ours, since he did not assume his functions to be 
measurable. 

It was natural, then, that we should extend our definitions of 
approximate derivates to apply to non-measurable functions and set 
out to obtain theorems generalizing our earlier ones so as to include 
those of Saks. 

We formed a convenient basis for this extension by developing the 
concept of relative measurability, which had been mentioned by 
Hausdorff. In Theorems 1-3 we summarize the simplest properties 
of relatively measurable sets, some of which had been given by 
Hausdorff; the proofs are easy and we omit them. Theorems 4-8 
give further properties of relatively measurable sets and functions. 
We establish in Theorem 9 the extension to approximate derivates 
of a theorem of Banach’s dealing with ordinary derivates;|| our result 
is that a function having one of its approximate derivates finite in 


+ Proc. London Math. Soc. (2) 32 (1931), 346-55. 

t A.S. Besicovitch, Bull. de lV Académie des Sciences de Russie (1925), 97-122 
and 527-40; S. Saks, Fundamenta Math. 5 (1924), 98-104. 

§ Grundziige der Mengenlehre (1914), 415. See also Pierpont, Theory of 
Functions of Real Variables, 2 (1912), 366, and Hildebrandt, Bull. American 
Math. Soc. 24 (1918), 125. 

S. Banach, Fundamenta Math. 3 (1922), 128-32, Theorem II. 
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a set is measurable in relation to that set. This enables us to deduce 
differential properties of a general function from those of an asso- 
ciated measurable function. 

Our work was still incomplete when Mr. A. J. Ward showed us 
some work of his on general functions. His analysis had points of 
contact with ours, but his methods appeared to have some advan- 
tages. It seemed appropriate, therefore, to leave to Mr. Ward any 
further developments and the final statement of the cases which may 
occur in the structure of a general function, a statement which will 
extend that of § 7 of our paper on measurable functions.+ We are 
indebted to Mr. Ward for completing the enunciation and the proof 
of Theorem 10; as it is set out in this paper, it contains the applica- 
tion of his arguments to the ‘associated measurable function’ which 


we had constructed. 


Relative measurability 

We define the statement that a set LZ, is measurable in relation to a 
set Ey, which we shall write as E, y» Ep. 

Derrinition. E,pE, if there is a measurable set M such that 
E, Ez, = E,M. 

On this definition we make two remarks. The first is that we may 
assume M to be such that mM = m*(E£,E,). For if M, is any 
measurable set such that ZH, H, = E,M, and M, is a measurable set 
containing EZ, £, such that mM, = m*(E£,E,), then M = M,M, has 
the required properties. Secondly, the question whether £, is 
measurable in relation to Ey depends only on the sub-set of £, con- 
tained in H,; hence we shall not lose generality in supposing in the 
future that H, is contained in Fp. 

THEOREM 1. (a) If E, w Eo, then (E,—E,) p Ey. 

(b) If E,, » Ey for n = 1, 2,..., then 

(Z,+H#,+...)u¢H, and (EH, £,...) p Ep. 
(c) If E,, » Ey for n = 1, 2,..., then (lim E,) » Ey and (lim E,,) » Ey. 


+ We take this opportunity of saying that the last remark of that para- 
graph, that, in two particular respects, Besicovitch had proved more than 
Denjoy, was unjustified. Although Besicovitch established the two results in 
question in a more direct way, they had been obtained by Denjoy in the 
course of his researches into integration and were mentioned in a footnote in 
his paper, ‘Mémoire sur la totalisation des nombres dérivés non-sommables’: 
Ann. de lV Ecole Normale (3) 33 (1916), 209. 
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(d) If E, p Ey and E, wp Ey, where E, c E, c Eo, then E, p E,. 
(e) If My, M, are measurable and E is any set, then (M, E) p (M, E). 
THEOREM 2. A necessary and sufficient condition that E, » E, is that 
m*E,+m*(E,—E,) = m*E, 
(where m*E, is supposed finite). 
THEOREM 3. If E,, E, are sets contained in Ey, having no common 
points, such that E, p Eo, E, p Eo, then 
m*E,+m*H, = m*(E,+-£,). 
CoroLuaRY. The theorem extends to an enumerable infinity of sets E,,. 


THEOREM 4. A necessary and sufficient condition that E, » E, is that 
E,—E,, has outer density zero at almost all points of E,. 

We prove the necessity. With the exception of a set of measure 
zero, we have, if x is a point of #, and J, a sequence of intervals 
with x as an end-point whose lengths tend to 0, 


mE, I.) . 


lin = |, 


m n 
Since Z, p Ep, itis clear that (HZ, ,) » (H,/,,) and so from Theorem 2 
m*E, I,-+-m*(E,—E£,)I, = m*E,I,. 
m*(Ey—E,)I,, 
mI 


n 


Therefore lim — Q, 


We now prove the sufficiency. Let M,, M, be measurable sets 
containing respectively the sets H,, H,—H, and such that 


mM, = m*E,, mM, = m*(E,—E£,). 


It is sufficient to prove that m(M,M,) = 0. If not, then at almost 
every point of M,M,, the set M, has density 1. This shows that, at 
a set of points x of EZ, of positive outer measure, 
m*(Ey—£,)I,, 


= 1, 
mI 


lim 
n 


where J,, is a decreasing sequence of intervals with limit-point 2, and 
this contradicts the condition of the theorem. 

It may be remarked that the sufficiency argument holds if we 
assume only that one of the lower outer densities of Z,—£, is less 
than 1 almost everywhere in Z,. We then have a sufficient condition 
which is wider than the necessary condition and the gap between the 
two conditions embodies the following result: 








236 J. C. BURKILL AND U. 8S. HASLAM-JONES 

If E is any set, then at almost all points outside E the outer density 
of E exists and is equal to either 0 or 1. 

It is well known that at almost all points of # the outer density 
of E is 1. We may therefore sum up in the following theorem. 


THEOREM 5. Jf E is any set, then, at almost all points, the outer 
density of E is defined and is equal to 0 or 1. 

It is convenient to give here a theorem closely connected with 
Theorem 5, which will be required for the proof of Theorem 7. Let 
HE denote the set # together with the set of points at which the 
outer density of £ is 1. 

THEOREM 6. The set HE is measurable. 

Let M be a measurable set containing LZ, with mM = m*E. 

Then, if J is any interval, m( MJ) = m*(£J), and it follows that 
at any point the upper and lower outer densities of # are respectively 
equal to the upper and lower densities of M. But the points of unit 
density of M form a measurable set (of measure mM), so that HE is 
measurable [and m(HE) = m*E}. 


Relatively measurable functions 


A function f is said to be measurable in relation to a set E (in 


symbols, f » 2) if, for every A, the set for which f > A is measurable 


in relation to £. 
It is clear from Theorem 1 (a) and (6) that if one of the four sets 
E(f > 4A), E(f > A), E(f < A), E(f < A) 
is, for every A, measurable in relation to Z, so are all the four. 
THEOREM 7. If fu E, then there is a measurable set M containing 
E and a measurable function ¢ defined in M, such that d = f at all 
points of E. 
Proof. First suppose f(x) bounded and assume for simplicity that 
0< f(x) <1. 
Write H(a,b) for the set in which a < f(x) < b. 
Define ¢,(x) equal to 
f(x) for x in £, 
4 for x in HE(4,1) and not in £, 
0 for x in HE(0,1) and not in HE($,1)+# 
(where, as in Theorem 6, the prefix H to any set means the addition 
of points at which its outer density is 1). 
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Define ¢,,(x) equal to 
f(x) for x in E, 


» n 


Qn] : Qn] 
, for x in HE ——s 7 and not in £, 
and, generally for r = 2”—1 1, 0, equal to 


on for x in aE(s., y and not in HE. : 7 

The set e(r,n) in which ¢,(2) > r2-" is HE(r/2”,1)—H(0,r/2"). 
Since fu EL, we have E(0,r/2”) » Hand, by Theorem 4, the set E(r/2”, 1) 
has outer density zero at almost all points of H(0,r/2”). Thus e(r, ”) 
differs from H E(r/2", 1) by a set of measure zero and so by Theorem 6 
it is measurable. 

Clearly ¢,(x) increases with n for every x in HE. If d(x) is the 
limit function of the sequence, ¢(x) = f(x) in #. It remains to prove 
that 4(2) is measurable. 

Let EH, denote the set in which ¢(2) > A and let A be the limit 


of an increasing sequence 


Then 


and so #, is measurable. Hence ¢ is a measurable function. 

There is no difficulty in making the extension to an unbounded 
f(x) by considering separately the sets for which 

< f(x) < r+ =m ...— 1,6, 8,4 

It is to be observed in this theorem that if we take M such that 
mM = m*E, then ¢ is unique, if we disregard difference in a set of 
measure zero. For two functions ¢,, ¢, can differ only in a measurable 
sub-set of M—E. 

We state now a converse theorem, which is easily proved by use 
of Theorem 1 (e). 


THEOREM 8. If d(x) is measurable in a measurable set M and if 
E is any sub-set of M, then $,(x) p E. 

Here ¢,(x) denotes the function ¢(x) considered only at points 
of E. 
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Approximate derivates of non-measurable functions 
Let AD*(f,x,A) be the lower bound of numbers a such that the 
set of points € for which 
fO)—f(e) >ag—x) (E> @) 
has upper right-hand outer density at 2 less than or equal to A. 
As A decreases, A D+(f, 2,2) increases and we define the upper right 
approximate derivate AD+f(x) to be 
lim A D+(f, x, d). 
A—>0 
For clearness, we add the definition of lower right derivates. 
We define AD_,(f,x,A) as the upper bound of numbers a such that 
the set of € for which fl)—f(x) < a(é—z) 


has upper right-hand outer density less than or equal to A. 
Then AD_,(f,x, A) decreases as A decreases and we write AD. f(x) for 


lim A D_(f,2, A). 
A—0 


We may notice the inequality 
AD,(f,2,1—A—e) < AD*(f, 2, d). 
The definitions of left derivates will now be clear. 


THEOREM 9. Jf A = A(x) < 1 and AD*(f,x,r) < +00 in a sub-set 
E of the set E, in which f is defined, then f uw E. 

If not, there is a value of A for which E(f < A) is not measurable 
in relation to £. 

By Theorem 4 there is, then, a sub-set Z, of points x of E(f << A) 
with m*H, > 0 such that the set H(f > A) has outer density 1 at x. 

It is clear that at x, AD*+(f,x,A) taken over H (and, a fortiori, over 
E,) is +00, which contradicts the hypothesis. 


THEOREM 10. Suppose f(x) defined in Ey. For x ina set E, suppose 
that, for some X less than 1, AD*(f,x,A) < +00. Then, at almost all 
points of E, for all x, p, 

AD*+(f,x,A) = AD_(f,x,) = AD¢d(x) 
(where ¢ is the measurable function, associated with f and E, defined 
in Theorem 7). 

By Theorem 9, f(x) » E. 

By Theorem 7, there exists a function ¢(x) measurable in M (where 
m* E = mM) and equal to f(x) in EZ. 
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At points of E of outer density 1, 

AD*(¢$,x,A) = AD*(fz,x,A) < AD*(f,x,A). 

Theorem 1 of our paper dealing with measurable functions shows 
that ADd(x) exists at almost all points of M. 

Suppose that in a sub-set H, of H of positive outer measure, for 
—- AD+(f,2,) > AD (2). 

It follows that, for x in E,, the set of points x’ of Z,M at which 
f(x’) > d(x’) has upper outer density at x different from zero. 

Let J be an interval containing a part E, of Z, such that 

m*E, > im. 

From Theorems 5 and 6, the set at which the upper outer density 
of any set is greater than 0 is measurable and has measure equal to 
the outer measure of that set. 

Hence the set of points of J where f(x) > ¢(x) has outer measure 
at least m*H,, therefore greater than 3m. 

Choose ¢ such that the set H, of points of J where f(x) > ¢(x)+e« 
has outer measure greater than }m/J. 

The set of points of J at which E, has outer density 1 is measurable 
and has measure greater than 3m. 


Therefore there is a point of H, at which H, has outer density 1. 
At such a point, clearly AD+(f,xz,A) = 00 for all A, which is a contra- 
diction. 

An exactly similar argument shows that the hypothesis that 
AD_(f,x,) < ADd¢(x) in a set of positive outer measure is untenable. 








ON CONFORMAL REPRESENTATION—ADDENDUM 
By J. HODGKINSON (Ozford) 
[Received 4 April 1933] 


IN a previous paper I obtained formulae giving the conformal 
representations upon the _—— of variables ¢, Z’ of curvilinear 
triangles of angles 47, 0, 0; 47, jz, 0 in the plane of the variable r. 
In these formulae Z’ is expressed as a two-valued function of ¢, but 
the formula expressing { as a function of 7 is so complicated that I 
was unable to show explicitly that Z’ is a one-valued function of 7, 


k 


as the theory demands.* This defect is now removed by the employ- 
ment of known results. 
In the discussion of the formula for ¢ I failed to observe that, 


y 


after the substitution ¢ = £°, my subsidiary equation 
64z = {(f+-8)*(¢—1)* 
assumes one of the forms of the tetrahedral equation,+ which is 


solved by Klein in the form{ 


( —_— 1)"(6m a l )gqisom 41)? 
[¢ = exp(iz7)]. 
( =a 1)”(2m ~ 1 )giem 11) 


~ 


The lengthy formula for ¢ given in my paper may be replaced by 


the more compact ¢ = &°. 

The apparently two-valued factor (¢—1)! occurs in my formula 
for Z’. But €, (€¢°—1)! are the automorphic functions associated with 
a certain congruence-group, and the ee formulae are given:§ 

(@—1y) = YO) yt Sqm may! omims 
3v3(y7—1) q laine m=0 j 
These formulae suffice to show that Z’ is, in fact, a one-valued 
function of r. 


* J. Hodgkinson, Quart. J. of Math. (Oxford), 2 (1931), 20-30 (25-9). 

+ Klein-Fricke, Vorlesungen tiber die Theorie der elliptischen Modul- 
functionen, i (1890), 104. 

t K.-F. ii (1892), 375. 

§ K.-F. i. 677, 689; ii. 391. 





